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The rotation frequencies of young pulsars are systematically below their theoretical Kepler limit.
R-modes have been suggested as a possible explanation for this observation. With the help of semi-
analytic expressions that make it possible to assess the uncertainties of the r-mode scenario due to
the impact of uncertainties in underlying microphysics, we perform a quantitative analysis of the
spin-down and the emitted gravitational waves of young pulsars. We find that the frequency to
which r-modes spin down a young neutron star is surprisingly insensitive both to the microscopic
details and the saturation amplitude. Comparing our result to astrophysical data, we show that
for a range of sufficiently large saturation amplitudes r-modes provide a viable spindown scenario
and that all observed young pulsars are very likely already outside the r-mode instability region.
Therefore the most promising sources for gravitational wave detection are unobserved neutron stars
associated with recent supernovae, and we find that advanced LIGO should be able to see several
of them. We find the remarkable result that the gravitational wave strain amplitude is completely
independent of both the r-mode saturation amplitude and the microphysics, and depends on the
saturation mechanism only within some tens of per cent. However, the gravitational wave frequency
depends on the amplitude and we provide the required expected timing parameter ranges to look
for promising sources in future searches.
I. INTRODUCTION
A neutron star is a complex system whose behavior is
influenced by physics on scales from the Fermi scale to its
size and whose description involves all forces of nature.
This holds in particular when dynamical aspects involv-
ing mechanical oscillations coupled to radiation fields are
considered and a description should thereby intricately
depend on all these details. Yet, the surprising finding
presented in this work is that for the relevant observables
analytic expressions can be derived that are strikingly
insensitive to these complicated microscopic as well as
macroscopic details.
The rotation frequencies of pulsars, as well as their
time derivatives, are among the most precise observa-
tions in physics. These frequencies change over time due
to magnetic braking and other possible spindown mech-
anisms like gravitational wave emission due to deforma-
tions or oscillation modes of the star. In particular the
unstable r-modes [1, 2] are interesting because they must
be stabilized by a viscous dissipation mechanism and
thereby can probe the microphysics deep inside the star.
It has already been shown [3, 4] that important static as-
pects of the instability regions of r-modes are very insen-
sitive to quantitative microscopic details but do depend
on qualitative differences of the various possible forms of
dense matter. Here we extend this study to the dynam-
ical r-mode evolution of neutron stars and show that in
this case the insensitivity to unknown input parameters
is even more pronounced. In particular we derive semi-
analytic expressions for the final frequency of the spin-
down evolution and the spindown time of young neutron
stars [5] and show that these quantities are likewise in-
sensitive to the particular r-mode saturation mechanism.
Magnetic dipole radiation is considered as a standard
mechanism for the spindown of pulsars and is used to
determine an approximate characteristic spindown age
[6]. In contrast, in this work we will instead only con-
sider the spindown torque due to r-modes, which is only
non-vanishing as long as the star is within the unstable
region. Our results therefore provide upper limits on the
actual frequencies of observed pulsars and should apply
as long as the r-mode spindown dominates. However,
they might not be applicable to magnetars where this is
not guaranteed. A more detailed analysis which includes
both electromagnetic and gravitational radiation [7, 8]
and thereby allows to make contact to pulsar ages will
be given elsewhere.
The fastest young pulsar observed so far is PSR J0537-
6910 with a rotational frequency of f≈62 Hz, which has
been associated to the remnant N157B of a supernova
that exploded in the Large Magellanic Cloud [9]. We find
that this spin frequency is just below the final frequency
due to pure r-mode emission of a neutron star with stan-
dard modified Urca beta equilibration processes, so that
r-mode emission could indeed provide a quantitative ex-
planation for the low spin frequencies of young neutron
stars. If the r-mode scenario is realized, the fact that all
observed stars are below the r-mode bound also suggests
that r-mode spindown should be fast, i.e. at least compa-
rable to magnetic spindown, which would require a high
r-mode saturation amplitude α& 0.01 in young neutron
stars.
For standard damping, i.e. in the absence of hypothet-
ical strong additional sources of dissipation, r-modes of
neutron stars are an important source of gravitational
waves and provide an interesting possibility for their de-
tection since r-modes can radiate over long times. Our
results on the spindown show that if r-modes explain
young neutron star spins, that implies a large satura-
tion amplitude which in turn says that the window of
opportunity for direct observation is brief. Promising
sources are therefore very young and so far undetected
rapidly spinning neutron stars. Previously analytic esti-
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2mates have been given for the gravitational wave strain of
r-modes of young stars [10]. However, this work did not
take into account the limited observation time in practi-
cal gravitational wave searches and found unrealistically
large signal-to-noise ratios. Using the semi-analytic ex-
pression for the r-mode evolution we perform a compre-
hensive analysis of the gravitational wave emission. We
find the remarkable result that the gravitational wave
emission from r-modes in young pulsars is independent of
the saturation amplitude and even shows hardly any de-
pendence on the saturation mechanism. This allows us to
give surprisingly definite predictions for the gravitational
wave signal despite our limited understanding of these
complicated systems. We compare our results to the de-
tector sensitivities for realistic searches that take into
account our ignorance of the detailed properties of the
source and find that forthcoming second generation de-
tectors like advanced LIGO [11, 12] are sensitive enough
to see several potential sources.
II. MATERIAL AND STAR PROPERTIES
As noted before a neutron star is a complex system
and the description of its spindown evolution requires
an understanding of various different aspects. The star-
ing point is the static star configuration which is deter-
mined by gravity as described by the general relativistic
Oppenheimer-Volkoff (OV) equations [13, 14]. The lat-
ter require the equation of state of charge-neutral dense
matter in beta equilibrium as an ingredient which is de-
termined by microscopic strong interactions. Both the
rotation and the oscillation of the star are modeled as
perturbations of the static respectively the rotating star
configuration [15]. For simplicity both are standardly
obtained from the Newtonian 1 Euler-equation of a non-
viscous fluid. The classical r-modes with l = m are given
by the Eulerian velocity perturbations
δ~v = αRΩ
( r
R
)m
~Y Bmm(θ, ϕ) e
iωt , (1)
where α is a dimensionless amplitude parameter, R is
the star radius, Ω and ω are rotational and mode angu-
lar velocity, respectively, and ~Y B is the magnetic vector
spherical harmonic with magnetic quantum number m.
To describe the dynamical evolution requires micro-
scopic material properties of the dense matter within the
1 This Newtonian approximation, as well as the approximation to
use the Eulerian density fluctuation instead of the Lagrangian
fluctuation to evaluate eq. (12) below (see [15] for details), is
only used for numerical estimates. The general semi-analytic
expressions derived in this work are - with appropriate parameter
values - valid in the fully relativistic case and do not rely on such
approximations. These results will show that the impact of these
approximations on the final observables is small.
star. Here we follow the method that was developed pre-
viously in [3] and [4] to obtain semi-analytic results for
the boundary of the r-mode instability region as well as
for the saturation amplitude in case suprathermal bulk
viscosity saturates the mode. The basic idea is that the
microscopic material properties that are relevant for the
pulsar evolution have - at least over the range required to
describe the relevant aspects - simple power law depen-
dencies on the temperature T , the oscillation frequency
ω and the density oscillation amplitude ∆n/n¯. The re-
quired quantities for the star evolution are the shear vis-
cosity η, the bulk viscosity ζ, the specific heat cV and the
neutrino emissivity . Both the the bulk viscosity and the
neutrino emissivity are determined by a weak equilibra-
tion process whose rate in a degenerate system has the
form Γ(↔) =−Γ˜T δµ∆, where µ∆ is the chemical potential
difference that is driven out of equilibrium. As discussed
below, for our present analysis the suprathermal ampli-
tude dependence of the bulk viscosity and the neutrino
emissivity [16, 17] does not have a significant impact and
we will discuss their impact in other situations in more
detail in a future work. In the subthermal regime these
quantities can generally be parameterized as
η = η˜T−σ , ζ ≈ C
2Γ˜T δ
ω2 +
(
BΓ˜T δ
)2 −→ C2Γ˜T δω2 , (2)
cV = c˜V T
υ ,  ≈ ˜T θ , (3)
where B and C are non-equilibrium susceptibilities.
With such power law behavior it is clear that physical
results should depend far more sensitively on the expo-
nents σ, δ, υ and θ than on the prefactor functions η˜, c˜V ,
˜, · · · . The important point is that the exponents are the
same for a given phase of dense matter, like e.g. hadronic
matter with modified Urca reactions [18], and quantita-
tive details due to the unknown equation of state or the
interactions are only reflected in the prefactors. Strik-
ingly we will see below that the quantitative dependence
on these prefactors can be even far more insensitive than
this general argument suggests. Different phases of dense
matter, however, can feature qualitatively different low
energy degrees of freedom resulting in different exponents
and thereby can lead to a qualitatively very different star
evolution.
The above material properties are local quantities, but
all that enters the evolution equations below are quanti-
ties that are averaged over the entire star. These are the
power radiated in gravitational waves PG, the dissipated
power PS and PB due to shear and bulk viscosity, the
specific heat of the star CV , the total neutrino luminos-
ity Lν and the moment of inertia I [3, 10]
3parameter of the ... integral expression
moment of inertia I˜ ≡ 8pi
3MR2
∫ R
0
dr r4ρ
radiated power J˜m ≡ 1MR2m
∫ R
0
dr r2m+2ρ
shear dissipated power S˜m ≡ 1
R2m+1Λ3+σQCD
∫ Ro
Ri
dr r2mη˜
bulk dissipated power V˜m ≡ Λ
4
EW
R3Λ9−δQCD
∫ Ro
Ri
dr r2A2C2Γ˜ (δΣm)
2
specific heat C˜V ≡ 1
R3Λ3−υQCD
∫ Ro
Ri
dr r2c˜V
neutrino luminosity L˜ ≡ Λ4EW
R3Λ9−θQCD
∫ Ro
Ri
dr r2˜
Table I: Radial integral parameters encoding the complete
information on the star’s interior - i.e. on the microphysical
transport properties, the equation of state and the star’s den-
sity profile.
PG =
32pi (m−1)2m (m+2)2m+2
((2m+1)!!)
2
(m+1)
2m+2 J˜m
2
GM2R2m+2α2Ω2m+4,
(4)
PS = −
(m− 1) (2m+ 1) S˜mΛ3+σQCDR3α2Ω2
Tσ
, (5)
PB = − 16m
(2m+ 3) (m+ 1)
5
κ2
V˜mΛ
9−δ
QCDR
7α2Ω4T δ
Λ4EW
, (6)
CV = 4piΛ
3−υ
QCDR
3C˜V T
υ , (7)
Lν =
4piR3Λ9−θQCDL˜
Λ4EW
T θ , (8)
I = I˜MR2 . (9)
where ΛQCD and ΛEW are characteristic strong and elec-
troweak scales introduced to make these quantities di-
mensionless. With the energy of the r-mode
Em =
1
2
α2Ω2MR2J˜ (10)
one can define characteristic time scales for the r-mode
growth τG and the viscous damping τS and τB via
1
τi
= − Pi
2Em
. (11)
so τG is negative and τS and τB are positive. The above
quantities are given in terms of parameters that involve
the integration over the star or alternatively over the
layer(s) ranging from Ri to Ro that contribute(s) domi-
nantly to this quantity. These are defined in table I.
All quantities appearing in these integrals, like the en-
ergy density ρ, the inverse squared speed of sound A, the
non-equilibrium susceptibility C and the r-mode density
oscillation
δΣ ≡ m+ 1
2αAR2Ω3
√
(m+1)
3
(2m+3)
4m
(∫
dΩ
∣∣∣~∇ · δ~v∣∣∣2) 12
(12)
depend on the position within the star via their density
dependence. These few constants encode the complete
information on the physics inside the star and are suffi-
cient to calculate the star evolution.
The dimensionless parameters I˜ and J˜ , arising in the
moment of inertia and the canonical energy and angular
momentum of the mode, involve integrals over the energy
density in which the outer parts are strongly weighted by
high powers of r. They are normalized by the mass and
appropriate powers of the radius so that the range these
constants can vary over is independent of the mass. The
mass by which these constants are divided is given by
an analogous integral with a smaller power of r. Conse-
quently these constants are large for stars whose mass is
strongly spread out but small for stars where the mass is
concentrated close to the center. Since the energy den-
sity is a monotonically decreasing function, it is clear
that I˜ and J˜ are bounded from above by the values for
a constant density star [3]. Similarly, lower bounds can
be obtained by noting that in a star the mass cannot be
arbitrarily concentrated. A limit for the energy density
at a given radius is obtained by the constraint that the
matter within this radius has to be stable against gravita-
tional collapse. The corresponding bound for the energy
density is given by ρ(r) < 1/(8piGr2) which can be inte-
grated to obtain lower bounds on I˜ and J˜ . Combining
these rigorous limits we find that for any compact star
these parameters are narrowly bounded within roughly a
factor of two
0.22 ≈ 2
9
≤ I˜ ≤ 2
5
= 0.4 , (13)
1.59 · 10−2 ≈ 1
20pi
≤ J˜ ≤ 3
28pi
≈ 3.41 · 10−2 . (14)
However, for a neutron star with a crust the energy
density vanishes at the surface and therefore the up-
per bounds should even clearly overestimate the realistic
range. Assuming expected mass and radius ranges of a
neutron star 1M . M . 2.5M and 10 km . R .
15 km, the moment of inertia eq. (9) is therefore uncer-
tain within at most an order of magnitude
4.4× 1044 g
cm2
. I . 4.5× 1045 g
cm2
. (15)
The uncertainty on the other parameters arises both from
the microscopic quantities eqs. (2) and (3) as well as from
the particular (baryon) density profile n(r) which in turn
depends both on the equation of state and the particu-
lar solution of the OV equations (parameterized e.g. by
the star’s mass). All parameters defined above in tab.
I are given for different stars in tab. II. For illustration
of our semi-analytic results below we consider different
stars with an APR equation of state [19]. In these stars
we assume that the core of the star dominates the rel-
evant quantities and neglect possible contributions from
the crust. For the maximum mass APR star the density
4is high enough that direct Urca processes are kinemati-
cally allowed within an inner core2.
III. PULSAR EVOLUTION EQUATIONS
The evolution equations are obtained from energy and
angular momentum conservation laws [10, 20, 21] and
take the form
dα
dt
= −α
(
1
τG
+
1
τV
(
1−Qα2
1 +Qα2
))
, (16)
dΩ
dt
= −2ΩQα
2
τV
1
1 +Qα2
, (17)
dT
dt
= − 1
CV
(Lν − PV ) , (18)
with Q ≡ 3J˜/(2I˜) and in terms of the viscous dissi-
pated power PV = PS + PB + · · · and damping time
1/τV ≡ 1/τS + 1/τB + · · · , where the dots denote pos-
sible other dissipative mechanisms, like boundary layer
effects. Here we include the reheating due to the dis-
sipated power PV within the star, that was partly ne-
glected in [10]. Using the previous bounds on the param-
eters I˜ and J˜ we see that Q < 81/(112pi) ≈ 0.23 so that
the factors 1±Qα2 are only relevant for large amplitude
modes with α & 1, i.e. in a regime where the perturba-
tive approximation for the r-mode [15] breaks down any-
way. The r-mode is unstable when the right hand side
of the amplitude equation eq. (16) is positive, i.e. when
τV |α=0 ≥ −τG, where the equality defines the bound-
ary of the instability region [3]. Since the r-mode will
grow once it enters the instability region the evolution re-
quires a non-linear mechanism to saturate the amplitude
at a finite value. A simple possibility is the suprathermal
enhancement of the bulk viscosity [4, 16, 22]. Unfortu-
nately when only the damping in the core is considered,
this mechanism saturates the mode only at rather large
amplitudes. The bulk viscosity contribution of the in-
ner crust might change this since the outer regions of the
star are strongly weighted by the suprathermal viscosity
[4], but the bulk viscosity has not been computed at this
point. Another promising mechanism is the non-linear
coupling of the r-mode to other daughter modes that are
subsequently damped by viscosity [23–25]. Further pos-
sibilities include non-linear hydrodynamic effects [26, 27]
or turbulent crust-core boundary layer damping [28] but
at this point it is not settled which of these mechanisms
will actually saturate the mode3. Therefore, we follow
2 The density becomes large enough at the center so that the direct
Urca channel opens for stars with masses slightly above 2M.
3 A reason for this is that because of the complexity of the system
all of these analyses have to make simplifications. For instance
in mode coupling scenarios the possible interactions have to be
here the approach pursued in [10] and will not study a
particular saturation mechanism but simply assume that
a corresponding mechanism operates and saturates the
r-mode at a particular amplitude αsat. In contrast to
the above explicit mechanisms, αsat is in this case an un-
known parameter that may depend on Ω or T and we
will study the dependence of our results on it below.
At saturation dα/dt = 0, so from eq. (16),
1
τV
=
1
τG
(
1 +Qα2
1−Qα2
)
−−−−−−→
α1/√Q
1
τG
, (19)
and likewise PV → PG. This simply says that at satu-
ration there must be a sufficiently strong source of dissi-
pation to overcome the gravitational instability. Making
the replacements in eqs. (16), (17) and (18) leaves the
reduced set
dΩ
dt
= − 2Ω|τG|
Qα2sat
1−Qα2sat
≈ −2Qα
2
satΩ
|τG| , (20)
dT
dt
= − 1
CV
(
Lν+PG
(
1+Qα2sat
1−Qα2sat
))
≈ − 1
CV
(Lν+PG) ,
(21)
where, as argued before, the approximate expressions
hold over nearly the entire range of physically reason-
able amplitudes. Note that compared to [10] we take
into account that according to eq. (19) the saturation
mechanism dissipates a significant amount of energy that
heats the star. The only way that this could be avoided
is if some of the corresponding energy is directly, non-
thermally radiated away, e.g. in neutrinos or electromag-
netic radiation. In all proposed mechanisms, like the non-
linear enhancement of the bulk viscosity [4, 22], mode-
coupling to viscously damped daughter modes [23, 24]
or nonlinear hydrodynamic effects [26, 27], such a radia-
tive component is negligible and nearly all the dissipated
energy eventually ends up as heat. Photons are only
emitted from the surface and the emission process is not
affected in any significant way by oscillation modes. For
neutrinos the additional emission due to a global mode
is described by the amplitude-dependent, suprathermal
regime of the neutrino emissivity [17, 29]. The neutrino
luminosity of a neutron star is compared to the viscously
dissipated power in fig. 1. As can be seen the suprather-
mal neutrino luminosity, characterized by the steeply ris-
ing part, becomes relevant compared to the shear viscos-
ity only at amplitudes α = O(1); whereas at lower ampli-
tudes the energy loss by non-thermal, induced neutrino
emission is entirely negligible. Daughter modes arising
in mode-coupling mechanisms have lower amplitudes and
restricted in the analysis, whereas in hydrodynamical simulations
the radiation reaction force needs to be artificially increased to
make the computation numerically feasible, see also [23].
5neutron star shell R [km] ΩK [Hz] I˜ J˜ Q S˜ V˜ C˜V L˜ σ δ υ θ
APR 1.4M core 11.5 6020 0.283 1.81× 10−2 0.096 7.68× 10−5 1.31× 10−3 2.36× 10−2 1.91× 10−2 53 6 1 8
APR 2.0M 11.0 7670 0.300 2.05× 10−2 0.102 2.25× 10−4 1.16× 10−3 2.64× 10−2 1.69× 10−2
APR 2.21M m.U. core 10.0 9310 0.295 2.02× 10−2 0.103 5.05× 10−4 9.34× 10−4 2.62× 10−2 1.29× 10−2
d.U. core 1.16× 10−8 2.31 · 10−5 5
3
4 1 6
Table II: Parameters characterizing the neutron star considered in this work. The constants I˜, J˜ , S˜, V˜ , C˜V and L˜ are given in
tab. I using the generic normalization scales ΛQCD = 1 GeV and ΛEW = 100 GeV and the temperature exponents σ, δ, υ and
θ are defined by eqs. (2) and (3).
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Figure 1: The total neutrino luminosity compared to the vis-
cously dissipated power, as functions of the r-mode ampli-
tude. We show curves for a 1.4M APR neutron star spin-
ning at half its Kepler frequency and for the two temperatures
T = 108 K (dashed) and T = 109 K (solid). At lower frequen-
cies the suprathermal regime is only reached at even larger
amplitudes [4, 16].
therefore nonlinear processes are even less likely to play
a role. In conclusion, the energy that is continuously fed
into the mode from the rotational energy reservoir must
be completely dissipated to keep the amplitude constant
which continuously heats the star.
The complete information on the saturation mecha-
nism is then encoded in the saturation amplitude which
can be a general function αsat(T,Ω). This function has
to vanish at the boundary of the instability region. Due
to the strong power law dependence of the corresponding
time scales τG and τV on T and Ω, it drops sharply over
a very narrow region, as has been explicitly shown in [4].
For the spindown evolution this narrow boundary region
is far less important than the much larger interior of the
instability region. In the interior the amplitude will de-
pend much more weakly on T and Ω and we make the
simple power law ansatz
αsat = αˆsatT
βΩγ . (22)
For instance the semi-analytic expression for the satu-
ration amplitude due to suprathermal bulk viscosity has
such a power law dependence on the frequency and proves
to be even independent of temperature, i.e. β = 0 [4].
Since the only temperature dependence in eq. (20) comes
from the implicit dependence via αsat, for β = 0 the spin-
down evolution is not affected at all by the thermal evo-
lution. This applies in particular to the model employed
in [10] where the saturation amplitude is assumed to be
constant throughout the instability region, i.e. indepen-
dent of T and Ω. For a general saturation mechanism the
saturation amplitude could be a more complicated func-
tion, but as in the analysis of the instability boundary
[3] the above form should hold at least locally in differ-
ent regions in the T -Ω space.
To analyze the above equations it is useful to introduce
characteristic evolution time scales
τα ≡ −α
(
dα
dt
)−1
, τΩ ≡ −Ω
(
dΩ
dt
)−1
, τT ≡ −T
(
dT
dt
)−1
.
(23)
A young compact star is born in a core bounce super-
nova with a large temperature T > 1011 K. We will
assume that the initial frequency is above the mini-
mum frequency of the instability region [3]. Initially
τT ∼ T−(θ−υ−1) is small so that the star cools very fast
due to neutrino emission and quickly enters the insta-
bility region. There by definition |τG| < τV |α=0 and
(while the star cools further) the r-mode will grow with
time scale τα ≈ τG. For a compact star spinning with
a millisecond period this scale is of the order of sec-
onds, so that the amplitude quickly grows until it is sat-
urated at some αsat. From this point on the fast evolu-
tion of α stops and it changes slowly with temperature
and frequency. Since cooling is initially very quick but
slows down considerably at lower temperatures, at some
point the temperature-independent dissipation eq. (19)
required to saturate the mode will dominate. The im-
portant question for the evolution is then if the spin-
down or the temperature change is faster. To see this let
us analyze the behavior when temperature change due to
dissipative heating (neglecting neutrino emission) τ (H)T is
6faster than the spindown, i.e. τ (H)T < τΩ. This condi-
tion yields a relation for the angular velocity of the star
which introducing the Kepler frequency ΩK = 49
√
2piGρ0
can be written in the form
Ω
ΩK
>
27
8pi
√
C˜V
I˜ (1−Qα2sat)
R
RS
Λ4QCD
ρ¯
(
T
ΛQCD
)υ+1
−−−→
υ=1
const
T
ΛQCD
, (24)
where in the second line we use the fact that for dense
matter in general the temperature exponent arising in
the specific heat eq. (3) obeys υ ≥ 1, and larger val-
ues make the right hand side even smaller. For a com-
pact star the constant is O(1), since the dimensionless
parameters C˜V and I˜ are normalized to also be O(1),
the characteristic scale for the average energy density
ρ¯ of strongly interacting matter is Λ4QCD, the radius
of a neutron star is close to its Schwarzschild radius
RS = 2GM and the root further decreases deviations
from unity. However, since a compact star is a degener-
ate system, after a short time it reaches a temperature
where T/ΛQCD . O
(
10−3
)
. Therefore, taking into ac-
count the O (1) prefactor, the viscous heating should be
faster than the spindown for frequencies Ω/ΩK & 10−2.
Since r-modes are only present within the instability re-
gion, this should be compared to the minimum of the
instability region Ωmin, for which a semi-analytic expres-
sion is given in [3]. There it was shown that this mini-
mum is extremely insensitive to the microscopic details
which yields a general limit of roughly Ωmin/ΩK & 1/20.
Therefore, at r-mode saturation within the instability re-
gion the dissipative heating is always faster than the spin-
down. Note that this conclusion is generic and to leading
order independent of both the saturation amplitude and
the composition of the star.
IV. SEMI-ANALYTIC SOLUTION OF THE
R-MODE EVOLUTION
A. Endpoint of the evolution
Since for a compact star the thermal evolution is faster
than the spindown, the evolution of the star should follow
a curve Ωhc(T ) where it is always thermally in a steady
state where neutrino cooling equals dissipative heating
Lν + PG = 0 [24]. With the semi-analytic expressions
eqs. (4) and (8) this equation can be solved explicitly
and yields for the dominant m = 2 r-mode
Ωhc(T ) =
(
3852
215
L˜Λ9−θQCDT
θ−2β
J˜2Λ4EWGM
2R3αˆ2sat
)1/(8+2γ)
. (25)
The evolution should therefore follow this curve until
the star leaves the instability region. As can be seen in
fig. 2, the boundary of the instability region of a neutron
star has different segments: a low-temperature bound-
ary outside of which shear viscosity damps the mode and
an intermediate-temperature boundary where bulk vis-
cosity is the dominant damping mechanism. Since the
bulk viscosity features a resonant behavior and decreases
again at very large temperatures T & 1011 K, there a
is third high-temperature boundary above which the r-
mode is unstable (see fig. 3 of [3]), but for neutron stars
this segment is quite likely physically irrelevant since the
stars cools below it quickly. Semi-analytic expressions
for these segments of the boundary of the instability re-
gion have been derived in [3]. The form of the boundary
depends strongly on the form of matter [30, 31]. When
exotic forms of matter are present then in the relevant
temperature regime there are so called stability windows,
caused by the resonant behavior of the bulk viscosity of
the corresponding phase, where the star is stable against
developing an r-mode up to large frequencies (see fig. 3
of [3]). In case the steady-state curve formally lies in
such a stability window it would clearly be irrelevant for
the spindown4. Then the evolution can take a long time,
since the strong heating can push the star out of the
instability region before the r-mode reaches a large am-
plitude, and other spindown sources will likely dominate.
Therefore we will restrict ourselves here to the case of
pure neutron stars. The general evolution for different
forms of matter will be discussed elsewhere.
In the case of neutron stars the intermediate-
temperature boundary of the instability region has a
steeper slope than the steady state curve which thereby
can only intersect the low-temperature boundary. In
the case of a neutron star the low-temperature bound-
ary Ωlb(T ) is determined by the condition τS = τG and
the corresponding semi-analytic solution is [3]
Ωlb(T ) =
(
3853
217pi
S˜Λ3+σQCD
J˜2GM2R3Tσ
)1/6
. (26)
Equating eqs. (25) and (26), the final angular velocity Ωf
where the evolution leaves the instability region is given
by
Ωf =
((
3853
217pi
)θ+σ−2β (
4pi
5
)σ
(27)
× S˜
θ−2βL˜σΛ3θ+9σ−6β−2βσQCD(
J˜2GM2R3
)θ+σ−2β
Λ4σEWαˆ
2σ
sat
)1/(6θ+8σ+2γσ−12β)
,
and the corresponding temperature Tf reads
4 As just noted, for standard neutron stars the corresponding sta-
bility window lies at very large temperatures T > 1010 K where
the neutrino cooling still strongly dominates.
7Tf =
((
3853
217pi
)2+2γ (
5
4pi
)6
(28)
× S˜
8+2γΛ24EWΛ
−30+6θ+8σ+6γ+2γσ
QCD αˆ
12
sat
L˜6
(
J˜2GM2R3
)2(1+γ)
)1/(6θ+8σ+2γσ−12β)
.
Note that, if we had used a different steady-state curve
Ω
(S)
hc where the heating comes only from shear viscosity,
as assumed in [10], or if we had included the bulk viscos-
ity as well, the rest of the evolution could be very differ-
ent, but we would have obtained exactly the same result
for the endpoint eqs. (27) and (28) of the evolution . This
surprising feature comes about since the shear viscosity
is strongly dominant compared to the bulk viscosity on
the left boundary and this boundary is precisely defined
by the condition τS = τG which implies that dissipated
power equals the power radiated in gravitational waves
PS=PG. In this sense the result eq. (27) is universal and
does not depend on assumptions about the dissipative
aspects of the saturation mechanism.
The above expressions involve the star constants given
in tab. II. In order to give these expressions in a more
physical form we write them relative to a fiducial refer-
ence model chosen as a 1.4M neutron star with an APR
equation of state [19] given in the first row of tab. II and
denoted by a subscript “fid”. In case of a constant, T -
and Ω-independent, saturation amplitude [10] β = γ = 0
this gives for a standard neutron star (NS) with shear
viscosity due to leptonic processes and neutrino emission
due to modified Urca reactions
T
(NS)
f ≈
(
1.26 · 109 K)( S˜
S˜fid
)3/23(
L˜
L˜fid
)−9/92(
J˜
J˜fid
)−3/46
×
(
M
1.4M
)−3/46(
R
11.5 km
)−9/92
α
9/46
sat , (29)
f
(NS)
f ≈ (61.4 Hz)
(
S˜
S˜fid
)3/23(
L˜
L˜fid
)5/184(
J˜
J˜fid
)−29/92
×
(
M
1.4M
)−29/92(
R
11.5 km
)−87/184
α
−5/92
sat . (30)
First it is interesting to note that all these expressions
depend neither on the specific heat nor directly on the
bulk viscosity of the considered form of matter. The
latter is at first sight surprising since the bulk viscosity
is the dominant dissipation mechanism at high temper-
atures and low amplitudes. But during the spindown
evolution the dissipation is dominated by the appropri-
ate saturation mechanism while the amount of dissipa-
tion is according to eqs. (11) and (19) determined en-
tirely by gravitational physics. This is particularly fa-
vorable since it eliminates the complications arising from
the fact that the damping due to bulk viscosity requires
the density fluctuation of the r-mode eq. (12) which is
only non-vanishing to second order in Ω [15] and involves
significant uncertainties. Even more striking is the ex-
treme insensitivity of these result to the remaining mi-
crophysics included in the constants S˜ and L˜. The neu-
trino emissivity constant L˜, in particular, depends on
poorly known strong interaction corrections to the weak
processes [18]. Yet, the remarkably small power 5/184
arising in the important expression for the final angular
velocity Ω(NS)f almost eliminates this uncertainty. The
dependence of Ω(NS)f on the shear viscosity constant S˜ is
somewhat stronger, but S˜ is dominated by electromag-
netic leptonic processes [32] that are well under theoret-
ical control5 and depends on the equation of state only
via the lepton densities. The dependence on the param-
eters J˜ , M and R which encode macroscopic properties
of the star is stronger, but they vary only within narrow
margins. This insensitivity to the underlying parameters
is similar to the case of the minimum of the instabil-
ity region [33] analyzed previously in [3], yet it is fortu-
nately even more pronounced in the physically important
case eq. (30). The most striking feature of these expres-
sions, however, is that the insensitivity extends even to
the dependence on αsat, which is theoretically uncertain
by many orders of magnitude [4, 24, 26, 27] and therefore
represents the main uncertainty in the analysis. Here the
similarly small power 5/92 dramatically reduces this de-
pendence and thereby allows a quantitative comparison
with observational data below.
To get an idea of the uncertainty in f (NS)f we esti-
mate the error ranges of the individual parameters by
symmetric logarithmic error bands - i.e. we allow for the
corresponding parameter to be smaller or larger than the
APR reference star by a given factor. The shear viscosity
parameter S˜ due to leptonic processes [32] is uncertain
within a factor of two of S˜fid and the neutrino emissivity
parameter L˜ due to modified Urca processes [18] within
an order of magnitude of L˜fid. For J˜ we have rigorous lim-
its eq. (14). An upper limit for the mass of a neutron star
is . 2.5M and an upper limit for the radius of a star
rotating with millisecond periods about . 15 km. Since
the upper bound for J˜ is for a constant density profile
which is far from the situation in a neutron star and, due
to cancellations, the dependence on the mass and radius
turns out to be significantly weaker than these individual
individual errors suggest, see table III below, we consider
half the above ranges for the individual logarithmic un-
certainties for J˜ , M and R as a more realistic estimate.
Under the assumption that these errors are independent
we find
5 There is a hadronic contribution to the shear viscosity as well
but the latter is strongly subleading at temperatures relevant to
young neutron stars due to the different power law dependence.
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(NS)
f ≈ (61.4± 9.4) Hz α−5/92sat . (31)
We want to stress that this is just an estimate of the
likely error range and not a statistical measure of well
defined significance.
Different classes of compact stars, containing other
phases of dense matter with different low energy degrees
of freedom, feature different values for the exponents in
eqs. (2) and (3) and can lead to qualitatively different
behavior. An example is a heavy star where direct Urca
reactions are kinematically allowed in an inner core and
the parameters change according to table II which in-
creases the final frequency beyond the above error range.
When exotic forms of matter are present, like hyperon or
quark matter, the enhanced dissipation of these phases
leads to stability windows [3, 30, 31, 34]. In this case the
boundary of the stability window in the relevant temper-
ature regime is determined by the bulk viscosity of the
exotic phase, so that eqs. (27) and (28) are not valid. The
steady state curve then ends at a higher frequency due to
the instability window where the star leaves the unstable
regime and cools until it reaches the lower boundary of
the stability window. Since at these lower temperatures
r-mode heating dominates neutrino cooling the star is
repeatedly pushed out of the instability region once its
amplitude becomes large and the residual spindown takes
much longer [35, 36]. The important point is however,
that the final frequency which is in this case given by
the minimum of the instability region and for which a
similarly precise semi-analytic result exists [3] is system-
atically larger for exotic forms of matter since the strong
bulk viscosity of the exotic phase dominates the shear vis-
cosity down to lower temperatures. Therefore, the above
expressions eqs. (30) and (31) provide lower bounds for
the frequency to which an arbitrary compact star can be
spun down due to the r-mode instability.
B. Dynamical evolution and time scales
Next let us actually solve the evolution equations to
obtain the corresponding evolution time scales. The ini-
tial cooling time in the stable regime before the evolu-
tion enters the instability region tsc results from solv-
ing the thermal equation eq. (18), in the absence of
viscous heating, down to the temperature determined
by the semi-analytic expression for the intermediate-
temperature boundary of the instability region given in
[3]. The result reads
tsc =
1
θ − υ − 1
(
3352
2127piκ2
)(θ−υ−1)/δ
(32)
×
 V˜ θ−υ−1m C˜δΛ9(θ−υ−1)−5δQCD Rθ−υ−1
L˜δΛ
4(θ−δ−υ−1)
EW
(
J˜2GM2Ω4i
)θ−υ−1

1/δ
in terms of the initial angular velocity Ωi and depends
both on the bulk viscosity and the specific heat. For a
standard neutron star with shear viscosity due to leptonic
processes and neutrino emission due to modified Urca
reactions this gives
t(NS)sc ≈
(
7.83 · 10−2 s)( V˜
V˜fid
)(
J˜
J˜fid
)−2(
C˜
C˜fid
)(
L˜
L˜fid
)−1
×
(
M
1.4M
)−2(
R
11.5 km
)(
fi
kHz
)−4
. (33)
This time is so short compared to the subsequent r-mode
evolution that it can safely be neglected.
The spindown time tsd is obtained by solving the fre-
quency equation (20) in the saturated regime. Even
though for r-mode emission the spindown evolution is
coupled to the thermal evolution when the saturation am-
plitude is temperature-dependent the knowledge of the
path of the evolution within the instability region, de-
termined by the analytic steady state solution eq. (25)
of the thermal equation, allows us to derive the effective
spindown equation. Inserting (the inverse of) the steady
state relation eq. (25) into the spindown equation (20)
we find
dΩ
dt
=− 2
17pi
3752
J˜2GMR4
I˜
(
215
3852
J˜2GΛ4EWM
2R3
L˜Λ9−θQCD
) 2β
θ−2β
× αˆ
2θ
θ−2β
sat Ω
nrm (34)
I.e. despite the coupling with the thermal evolution, the
spindown equation takes a standard power law form [6],
yet with an effective braking index
nrm =
(7+2γ) θ+2β
θ−2β = 7
(
1+2γ/7+2β/ (7θ)
1−2β/θ
)
(35)
The correction factor in parentheses changes the brak-
ing index from the canonical value which is 7 for r-mode
emission. The correction factor takes the value 1 for a
constant saturation amplitude (β = γ = 0), but for gen-
eral β and γ it deviates from 1 and lowers the braking in-
dex, since for proposed saturation mechanisms [4, 23–25]
β, γ < 0. Using these values we find that the correction
factor can decrease the braking index to nearly half of
its canonical value and therefore has a significant impact
on the spindown evolution. E.g. for mode coupling with
damping due to shear viscosity [25], where β = −4/3 and
γ = −2/3, it reduces to n(mc)rm = 4. This is rather close
to the canonical value of 3 for electromagnetic dipole ra-
diation. Therefore, it should be harder than expected
to distinguish these different spindown scenarios based
on their braking indices. Actually, an even lower value
is obtained for the recently proposed scenario that the
9cutting of superconducting flux tubes by superfluid vor-
tices can saturate r-modes [37], where β = 0, γ = −3.
In this case the braking index takes the extreme value
n
(fc)
rm = 1, which means that the spindown is not even
power-like but logarithmic and the general solution given
below does not a apply. However, the spindown evolu-
tion decouples in this case and can be easily solved. The
case of the suprathermal bulk viscosity [4] is more com-
plicated and will be studied elsewhere, since the large
amplitude enhancement of the neutrino emissivity would
here be relevant to determine the effective braking index.
As discussed before such effects are not relevant unless
suprathermal damping saturates the mode, which is not
the case for standard bulk viscosity from a neutron stars
core.
Even though the spindown evolution is coupled to
the thermal evolution when the saturation amplitude
is temperature-dependent, the knowledge of the path
of the evolution within the instability region at satura-
tion eq. (25) allows us to solve the spindown equation
(34) fully analytically for the power-law parameteriza-
tion eq. (22) which gives6
Ω(t) =
(
Ω
− 2(3+γ)θ+4βθ−2β
i +
218pi
3752
(3 + γ) θ + 2β
θ − 2β
J˜2GMR4
I˜
×
(
215
3852
J˜2GΛ4EWM
2R3
L˜Λ9−θQCD
) 2β
θ−2β
αˆ
2θ
θ−2β
sat (t− ti)
−
θ−2β
2(3+γ)θ+4β
.
(36)
An interesting aspect of this expression is that for a
frequency-independent saturation amplitude it does not
depend on the cooling behavior which reflects the pre-
vious observation that the thermal and spindown evolu-
tions decouple in this case. Eq. (36) has two limits, at
early times where the first term in the parenthesis domi-
nates and at late times where the second dominates. I.e.
initially the amplitude hardly changes whereas at late
times the evolution becomes independent of the initial
conditions. The semi-analytic temperature evolution at
saturation is then obtained by inserting the frequency
solution eq. (36) in the inverse of the steady state curve
eq. (25). In the late time limit we find
6 As noted before, in general the saturation amplitude might only
locally have the power law from eq. (22). In this case there
are different regions in T -Ω space where the evolution is locally
described by eq. (36) and one would in principle have to solve the
evolution stepwise with appropriate initial conditions. Since the
spindown strongly slows down at late times and becomes then
effectively independent of the initial conditions (the first term
in the parenthesis of eq. (36) can be neglected), at late times
eq. (36) is a good approximation even in the general case. It is
sufficient at late times to consider the power law dependence of
the saturation amplitude realized in the final evolution segment
and it is irrelevant that the dependence was different early in the
evolution.
T (t) ≈
(3752
218pi
θ − 2β
(3 + γ) θ + 2β
I˜
J˜2GMR4t
)8+2γ
×
(
215
3852
J˜2GΛ4EWM
2R3
L˜Λ9−θQCD
)2(3+γ)
αˆ−4sat
 12(3+γ)θ+4β . (37)
For a standard neutron star in particular we find for the
constant saturation model in the late time limit Ω(t) ∼
T (t) ∼ t−1/6.
For the spindown time we find then in terms of the
gravitational time scale eq. (4) evaluated at the final fre-
quency
tsd = − θ − 2β
4 (3 + γ) θ + 8β
τG (Ωf )
Qα2sat (Ωf )
1−(Ωf
Ωi
)2(3+γ)θ+4β
θ−2β

−−−−−→
ΩfΩi
−C
6
Ωf
Ω˙f
. (38)
where the dependence on the saturation model enters
only via the constant prefactor
C ≡ 1− 2β/θ
1 + γ/3 + 2β/ (3θ)
=
6
nrm − 1 (39)
which takes the value 1 for a constant saturation am-
plitude (β = γ = 0). For general β and γ it deviates
from 1, but for proposed saturation mechanisms [4, 23–
25] β, γ < 0 so that up to small corrections in Ωf/Ωi this
simply increases the spindown time compared to a con-
stant saturation amplitude by a constant factor. Since
in hadronic matter θ = 8 these corrections are modest7
and for the exponents predicted by proposed saturation
mechanisms [4, 23–25] it amounts at most to a factor
two. E.g. in case of dissipation due to suprathermal bulk
viscosity [4] the spindown time is longer compared to the
saturation model with a constant amplitude by a fac-
tor of 9/5. Taking into account our ignorance of the
complicated r-mode saturation physics this simple and
moderate dependence is most welcome.
The above expression eq. (38) looks similar to the rela-
tion between the spindown time for other spindown mech-
anisms, like magnetic dipole radiation or gravitational
wave emission due to deformations, and the character-
istic pulsar time scale −Ω0/Ω˙0 [6]. Yet, the important
point to note here is, that Ωf and Ω˙f are the values be-
fore the star leaves the instability region which can be
very different from the observed values Ω0 and Ω˙0 if the
observation is performed after the star has left the in-
stability region. The characteristic feature of the r-mode
7 This holds in general degenerate fermionic phases where θ ≥ 6.
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mechanism, namely that it operates only for a finite time
interval, renders the r-mode spindown time completely
independent of the characteristic pulsar time scale and
allows the former to be orders of magnitude smaller, since
the spindown rate can strongly drop from a large r-mode
rate to a much lower rate of other spindown mechanisms
at the boundary of the instability region.
Inserting the expression for the final frequency eq. (30)
into eq. (38) this yields for the constant saturation model
in case of a standard neutron star and for Ωf  Ωi
t
(NS)
sd ≈ (12.3 y)
(
S˜
S˜fid
)−18/23(
L˜
L˜fid
)−15/92(
J˜
J˜fid
)−5/46
×
(
I˜
I˜fid
)(
M
1.4M
)41/46(
R
11.5 km
)−107/92
α
−77/46
sat . (40)
Here the dependence on the parameters is stronger than
for the endpoint of the evolution eqs. (27) and (28), so
that the duration is considerably more uncertain. In
particular it is very sensitive to the saturation ampli-
tude αsat. If αsat becomes too small this time scale is
so long that other spindown mechanisms will dominate,
as is clear from the sizable observed spindown rate of
young pulsars [38]. Employing the bounds eqs. (13) and
(14) as well as the full uncertainty ranges for the other
underlying parameters discussed before to estimate the
uncertainty in the final frequency eq. (31) we find that
the spindown time could be smaller or larger by nearly
an order of magnitude.
V. SPINDOWN OF YOUNG PULSARS
A. Comparison of analytic and numeric results
The results for the evolution of the 1.4M neutron
star in temperature-angular velocity space is shown in
fig. 2 for different values of the initial rotation angular
velocity and the saturation amplitude. As can be seen
the numerical solution given by the solid curves perfectly
confirms the above picture. The star initially cools until
it reaches the instability region, where the r-mode ampli-
tude starts to grow. Once the amplitude is significant the
star starts spinning down but since the spindown time τΩ
is much longer than the cooling time τT , the star cools
further until it reaches the steady state curve8 where the
fast temperature evolution is stopped and the star evolves
along the steady state curve on the longer time scale τΩ.
8 For the largest saturation amplitudes the evolution reaches the
steady state temperature before its amplitude has saturated.
Therefore, as can be seen from the αsat = 1 curve in fig. 2, the
star “undercools” to lower temperatures and then reheats back to
the steady state curve once the saturation amplitude is reached.
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Figure 2: The spindown evolution of a young 1.4M neu-
tron star with an APR equation of state [19] in temperature-
angular velocity space. The boundary of the instability region
of the fundamental m = 2 r-mode is shown by the dotted
curve. The dashed curves (which are mostly hidden under-
neath the solid curves) represent the steady state eq. (25)
where heating equals cooling and are given for different r-
mode amplitudes ranging from αsat = 10−4 (left) to αsat = 1
(right). The solid lines show the numerical solution of the
evolution equations for two fiducial initial spin frequencies
Ω = 0.8 ΩK and Ω = 0.2 ΩK . As can be seen, after an initial
cooling phase the evolution simply merges on the appropriate
steady state curve and follows it to the edge of the instabil-
ity region. The dots denote the semi-analytic results for the
points of the spindown evolution where the star enters and
leaves the instability region, eqs. (29) and (30).
Consequently, the evolution is completely independent of
the initial amplitude αmin required to start the growth in
eq. (16). Such initial perturbations will clearly be present
immediately after the creation of the neutron star follow-
ing a core bounce. As anticipated, the numerical solution
also proves that the evolution is to very good accuracy in-
dependent of the initial frequency unless it is very close to
the final frequency. Therefore, similar to the thermal evo-
lution, the spindown evolution completely loses its mem-
ory of the initial conditions at sufficiently late times. The
saturation amplitude in contrast provides the dominant
uncertainty for the evolution and the trajectory is shown
for a range of possible saturation amplitudes. Larger val-
ues lead to stronger dissipative reheating and therefore
spin down the star at larger temperatures so that the
evolution leaves the instability region at lower frequen-
cies closer to the minimum of the instability region. The
dots are obtained from the analytic expressions eqs. (29)
and (30) which agree with the numerical solution. Note
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again that we neglect other spindown mechanisms like
magnetic dipole radiation in this work which would speed
up the evolution and continue the magnetic spindown af-
ter the star leaves the r-mode instability region.
In [10] the evolution was artificially stopped at a tem-
perature of 109 K since superfluidity and non-perfect
fluid effects were expected to invalidate the analysis be-
low. We do not follow this ad hoc prescription here since
it is not likely that these effects have such a big influ-
ence on the spindown evolution for the following rea-
sons: One important effect of superfluidity is to affect
beta equilibration. Around the critical temperature it is
enhanced due to pair breaking, but at temperatures far
below and small oscillation amplitudes beta equilibra-
tion processes are strongly suppressed. Since the super-
fluid gap depends strongly on density the entire star may
not be gapped at such temperatures and in this case in
part of the star the weak interactions would hardly be af-
fected and the corresponding parameters L˜ and V˜ would
only moderately be reduced. Even more, as has recently
been shown in [17], superfluidity does not suppress weak
processes at all at sufficiently large amplitudes that are
within the range we study here. Superfluidity can also
lead to an additional source of dissipation via mutual fric-
tion. In contrast to the earlier generic analysis referred to
in [10], the later dedicated r-mode analysis [39] showed
that it is unlikely that mutual friction has such a dra-
matic impact on the r-mode instability. In [40] this effect
was studied, taking into account the large uncertainties
in pairing and the microscopic drag parameter. It was
found that depending on these uncertainties the effect
can range from the unlikely extreme that the r-mode is
completely suppressed below a certain temperature to a
nearly negligible impact on the instability region com-
pared to the ungapped case. Therefore, it is interesting
to study the present case of standard dissipation sources
in detail, since it sets the limit on the frequency to which
r-modes can spin down a star as well as on the emit-
ted gravitational wave signal, as discussed below. Any
additional dissipation source will reduce the r-mode in-
stability and correspondingly lead to larger final spin fre-
quencies and a reduced gravitational wave emission.
Fig. 3 shows the evolution of the angular velocity as a
function of time. As predicted by eq. (40), the spindown
time increases strongly with decreasing saturation am-
plitude. The points show that the semi-analytic results
for this time again agree with the numerical solution9.
Here we are mainly interested in the spindown aspects
9 Note that he spindown overshoots at large amplitude since it
takes time for the amplitude to decay and the spindown continues
during this period, as can be seen from the lowest curve which
drops below the dot so that the final frequency lies somewhat
below the instability region. This is mainly an artifact of the
simplified model which keeps the amplitude constant until the
instability boundary is reached. In reality with an explicit satu-
ration mechanism the amplitude has to vanish at the boundary in
the static limit, so it must start decreasing inside the instability
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Figure 3: The spindown evolution of a young neutron star.
The solid lines show the evolution of a 1.4M star with an
APR equation of state and for different constant saturation
amplitudes ranging from αsat = 1 (left) to αsat = 10−4 (right).
The dots denote the analytic results eq. (33) respectively
eqs. (40) and (30) for the point of the spindown evolution
where the star enters and leaves the instability region.
and only note that as far as the thermal evolution is
concerned the r-mode effectively causes a delay in the
cooling [41]. This is significant initially, but, since the
cooling slows down strongly, it is irrelevant at much later
times t tsd.
Table III lists the semi-analytic results for a range of
saturation amplitudes for two different neutron stars -
the previously discussed standard star with a canonical
mass of 1.4M and, motivated by the recent observation
[42], also a heavy 2.0M star. Strikingly the final fre-
quency proves nearly independent of the mass, and is far
less sensitive than eq. (30) naively suggests. This is ap-
parently caused by cancellations due to the implicit mass
dependence of the radius and of the parameters J˜ , S˜ and
L˜. Despite the explicit normalizations in table I these pa-
rameters still have a significant implicit dependence on
M and R via the density profile of the star. Correspond-
ingly, whereas the dependence on microscopic material
properties is explicitly given by the semi-analytic expres-
sions eqs. (27) to (40), the dependence on star properties
like the mass and radius is not properly reflected by the
explicit dependencies alone but the additional implicit
dependence via the averaged quantities in table I is cru-
region, see [4].
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αsat Tf
[
108 K
]
Ωf/ΩK ff [Hz] tsd [y]
1 12.6 (13.9) 0.064 (0.049) 61.4 (60.3) 12.3 (9.4)
0.1 8.02 (8.88) 0.073 (0.056) 69.5 (68.4) 582 (445)
10−2 5.11 (5.66) 0.082 (0.063) 78.8 (77.5) 2.75 (2.10) · 104
10−3 3.26 (3.61) 0.093 (0.072) 89.3 (87.8) 1.30 (0.99) · 106
10−4 2.08 (2.30) 0.106 (0.081) 101.2 (99.5) 6.11 (4.68) · 107
Table III: Dependence of the results obtained from the semi-
analytic expressions for the characteristic quantities eqs. (29),
(30) and (40) of the spindown evolution for neutron star with
an APR equation of state on the saturation amplitude αsat.
We give in each case results for both a standard 1.4M star
and a heavy 2.0M star next to it in parentheses. At the
smallest amplitudes the given spindown times tsd should not
be relevant since they would be so long that the neglected
magnetic spindown should dominate and spin down the star
on much shorter time scales.
cial. The initial cooling time before the star enters the
instability region is amplitude independent and yields
for a star spinning at the Kepler frequency the small
values tsc = 96.4 (55.1) ms, which rise to a few hours
for frequencies at the lower end of the instability region,
which is indeed negligible compared to the long spindown
times. The left part of table V finally compares the spin-
down observables for different stars at a fixed amplitude
αsat = 1. We see that, when direct Urca processes are al-
lowed, the final temperature is significantly lower due to
the enhanced neutrino cooling. Since the instability re-
gion shrinks at lower temperatures the final frequency is
higher and the spindown time is correspondingly shorter.
1. Saturation model dependence
Let us now discuss the influence of different satura-
tion models αsat(T,Ω). Since in the general case eq. (22)
the amplitude varies over the instability region and the
coefficient αˆsat is a dimensionful parameter, we have to
find analogous parameter values for αˆsat to compare sat-
uration models with different values of β and γ among
each other and with the constant model discussed so far.
Since the evolution spends most of the time in the final
stages of the spindown evolution it is natural to choose
αˆsat so that different models have a similar amplitude in
this stage. If we compare models defined by αˆsat, β and γ
that have the same amplitude αsat at the end of the evo-
lution, then they leave the instability region at the same
point given by eqs. (27) and (28). This can be easily
seen, noting that the conditions τS = τG and PS = PG
that determine the endpoint depend only on the satu-
ration amplitude αsat(Tf ,Ωf ) at this point. However,
the path within the instability region, determined by the
steady state curve eq. (25), and in particular the thermal
behavior will depend on β and γ.
Fig. 4 shows a few examples of different saturation
models for two different saturation amplitudes αsat =
10−4 and αsat = 1 at the end of the evolution. The solid
lines are the constant model β = γ = 0 [10] discussed
above. The dashed curves show the case of mode cou-
pling with damping of the daughter modes due to shear
viscosity in a star with an impermeable crust [25]. In
this case β = −4/3 and γ = −2/3 but depending on the
particular damping mechanism of the daughter modes
other dependencies are possible [25]. Since the ampli-
tude is lower at large frequency the dissipative heating is
smaller and the steady state curve becomes steeper and
the equilibrium is reached at lower temperatures.
The final, and somewhat extreme, example is the re-
cently proposed dissipation due to the cutting of super-
conducting flux tubes by superfluid vortices when both
neutrons and protons pair in a neutron star core [37].
In this case β = 0, γ = −3. This moves the steady
state curves to even lower temperatures. As discussed
before, this gives a braking index of one so that the
spindown is not power-like but logarithmic and strongly
slowed down. In conclusion, different saturation mech-
anisms can change both the thermal evolution and the
spindown evolution significantly and generically increase
the spindown time. However, eq. (27) shows that the
observed insensitivity to the microscopic parameters is
not strongly altered by the saturation model for realistic
values |β| , |γ|  θ.
B. Comparison to pulsar data
The semi-analytic expressions finally allow us to com-
pare our theoretical results to observational data. In
most analyses, e.g. for low mass X-ray binaries [30, 31],
the observed pulsar frequencies and temperatures are
compared to numerical computations of the r-mode insta-
bility region. Since the instability boundary is strongly
temperature dependent, information on the temperature
is required to decide if the star is actually inside the in-
stability region. However, the temperature is unknown
for most young pulsars. For stars which spin slow enough
that they are clearly below the minimum of the instabil-
ity region the knowledge of the frequency is enough to
rule out that r-mode oscillations are present. However,
there is at least one young star which lies above the min-
imum of the instability region. Therefore, we will here
go beyond such a static analysis and take into account
the dynamic evolution as well as the frequency eq. (27)
where the star actually leaves the instability region.
In addition to the spin frequencies also the spindown
rates are known for many young stars. Naturally, this
additional information provides a stronger constraint on
spindown models. The time derivative of the frequency
is readily obtained from eq. (20). Fig. 5 compares the
spindown evolution for different saturation amplitudes
to the data for young stars that still have a significant
spindown rate. As can be seen there is one pulsar J0537-
6910 that spins fast enough that it could be within the
instability region of a standard neutron star whose min-
13
constant
model
mode
coupling
vortexfluxtube
cutting
108 109 1010
0.0
0.2
0.4
0.6
0.8
1.0
T @KD
W
W
K
Figure 4: The dependence of the steady-state curve eq. (25)
on the saturation model for two different constant saturation
amplitudes αsat (Tf ,Ωf ) = 10−4 (left curves) and 1 (right
curves) at the end of the evolution. The solid line shows
the model with constant amplitude β = γ = 0 [10], the dot-
dashed curve shows a mode-coupling model where β = −4/3
and γ = −2/3 [25] and the dashed line denotes the case β = 0,
γ = −3 corresponding to saturation by cutting of supercon-
ducting flux tubes by superfluid vortices [37].
imum frequency is denoted by the vertical dotted line to
the left10. Taking into account the dynamical evolution,
the additional knowledge of the spindown rate alleviates
the uncertainty with respect to the saturation amplitude,
since larger amplitudes lead to significantly larger spin-
down rates. This is shown by the black line which is
formed by the semi-analytic results for the endpoints of
the evolution and which represents the boundary of the
instability region in f -f˙ -space. The gray band reflects
the uncertainty in the underlying parameters eq. (31).
The fastest pulsar J0537-6910 is obviously compatible
with being outside of the instability region. We con-
clude that no observed star lies definitely inside the in-
stability region (see also [23]) which confirms the r-mode
scenario for a sufficiently large saturation amplitude re-
sulting in a short spindown time. Moreover, J0537-6910
lies clearly below the line for our APR neutron star and
just at the lower edge of the uncertainty band. There-
fore, very likely no young star observed so far currently
10 The analytic result for the minimum of the instability region
given in [3] would allow us to estimate also the uncertainties
on the minimum frequency, but we refrain from this for better
readability.
emits gravitational waves because of the r-mode insta-
bility. This conclusion is strengthened by the absence of
gravitational wave signals from observed young pulsars
- including J0537-6910 - in the latest LIGO data [43].
Unfortunately, the measured braking index of n≈−1.5
for J0537-6910 [44] seems to be strongly affected by the
glitch activity of the pulsar [6] and therefore cannot pro-
vide conclusive evidence on the current spindown mech-
anism. For other pulsars the measured braking indices11
n . 3, as shown in fig. 5 for the Crab [6] and the Vela
[45] pulsar, already revealed a dominant electromagnetic
spindown. For the Crab pulsar this was further strength-
ened by the LIGO S5 limit [46], showing that it could at
most emit a few percent of the rotational energy loss as
gravitational waves.
The remarkable aspect of eq. (30) for the final fre-
quency of the spindown is that it is a robust lower bound
and is not affected by our ignorance of the star’s com-
position. Although our analysis was performed for a
standard neutron star, any additional exotic forms of
matter entail enhanced damping so that their instabil-
ity regions do not extend to such low frequencies. The
insensitivity of the final frequency eq. (27) to the under-
lying parameters, therefore provides a quantitative, uni-
versal lower bound given by eq. (31). As a consequence
our result shows that the r-mode picture of the spindown
of young pulsars presents a viable explanation for the
low spin rates of young pulsars if the saturation ampli-
tude is large enough αsat & 0.01 to spin down the pulsar
in a time tsd < 104 y. An upper limit for the satura-
tion amplitude αsat < 1 comes from the observed timing
data of J0537-6910, as noted in [47], since r-modes would
have otherwise spun it down to its current frequency in
less than a hundred years which is much shorter than
its age estimate [48]. Whereas the r-mode picture yields
a direct and quantitative explanation for the maximum
observed spin frequency, other mechanisms, like the pos-
sibility that all stars are already born with lower frequen-
cies or the subsequent spindown via magnetic dipole ra-
diation, generally only provide probabilistic answers why
fast stars with a small initial magnetic dipole moment
resulting in a slow spindown could not form. Despite the
general trend that according to the dynamo mechanism
fast spinning stars feature larger magnetic fields [49],
the required spindown evolution studies rely on Monte
Carlo population synthesis modeling and involve uncer-
tainties that are to some extent exploited to reproduce
the statistical aspects of the observed pulsar distribu-
tion [50]. Finally, further indirect evidence for the above
r-mode bound comes from pulsars in old and very sta-
ble double neutron star binaries which are not recycled
and correspondingly should not have experienced any ap-
11 The braking index (see eq. (50)) would be 3 for pure magnetic
dipole emission, 5 for spindown via gravitational waves due to
an ellipticity of the star [6] and a value ≤ 7 for spindown due to
r-modes as discussed above.
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Figure 5: The spindown evolution of a young neutron star
compared to observed pulsar data from the ATNF catalog
[38]. The solid lines show the evolution of the 1.4M star for
different saturation amplitudes ranging from αsat = 1 (top)
to αsat = 10−4 (bottom). The vertical dashed line to the
left shows the lower frequency boundary of the instability re-
gion. The steep solid line is formed by the endpoints of the
evolution for different values of α and thereby represents the
boundary of the instability region in f -f˙ -space, whereas the
gray band reflects the error due to the uncertainty in the
underlying parameters. The dotted line segments show the
current evolution for two stars for which a reliable braking
index is available [6, 45].
preciable spin-up during their evolution. The fastest of
these, J0737-3039A located in the only known double pul-
sar system [51], has a frequency of f ≈ 44 Hz which is
still intriguingly close to the quantitative r-mode bound
eq. (31).
VI. GRAVITATIONAL WAVE EMISSION
As discussed in the previous section, all presently ob-
served young pulsars are likely outside of the instability
region and so should not emit gravitational radiation due
to r-modes. Nevertheless, it is possible that in the future
we may observe a young pulsar that is still in the unsta-
ble region. Furthermore, gravitational waves might even
be detected from so far unknown young compact stars
that have not been seen because their electromagnetic
radiation is either too faint or it is absorbed or outshined
by the supernova remnant. This possibility is interesting
since there are several known young supernova remnants,
including most notably SN 1987A, where a compact ob-
ject has not been observed, yet. In view of the upcoming
next generation of gravitational wave detectors like ad-
vanced LIGO [11] it is therefore important to understand
the expected gravitational radiation of such sources in
detail.
Above we already gave semi-analytic expressions for
two important quantities in this respect, namely the ro-
tational angular velocity Ωf (eq. (27)) when the star ex-
its the r-mode instability region, which is related to the
lower bound νf of the gravitational wave spectrum via
ν = 2/ (3pi) Ω, and the spindown time tsd (eq. (38)),
which is the maximum age up to which gravitational
waves from such a source could be observed. For a
standard neutron star, using eq. (31), we estimate νf ≈
(81.9± 12.5) Hz α−5/92sat . To have a reliable estimate for
the lower bound of the spectrum is particularly impor-
tant since advanced LIGO will have a significantly im-
proved sensitivity below 100 Hz which coincides with the
final stages of the r-mode spindown. Since the r-mode
evolution becomes slow at low frequencies this region is
where the evolution spends the most time and the ana-
lytic expression for the spindown time as a function of the
dependent parameters should then allow us to estimate
the probability that sources within the reach of advanced
LIGO are currently active and observable.
A. Gravitational emission due to r-modes
In this section we follow and extend the previous anal-
ysis [10] and derive general results for the gravitational
wave strain based on our analytic solution of the r-mode
evolution. An explicit expression for the gravitational
wave strain, averaged over polarizations and the orienta-
tion and position of a source at distance D on the sky,
was given in [10, 52]
h =
√
3
80pi
ω2S22
D
, (41)
with the mass current quadrupole moment
S22 =
√
2
32pi
15
GMαΩR3J˜ . (42)
The strain depends both on the time-dependent r-mode
amplitude and angular velocity
h(t) =
√
215pi
3553
J˜GMR3α(t) Ω(t)
3
D
(43)
This expression has 3 different limits. Initially the ampli-
tude rises exponentially whereas the frequency is fixed.
Depending on the amplitude there can be an interme-
diate period where both α is saturated but Ω does not
appreciably spin down yet, since the first term in eq. (36)
dominates. Finally, at late times, when the second term
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in eq. (36) dominates, the expression becomes indepen-
dent of the initial conditions.
At saturation the r-mode amplitude can be replaced
using the spindown equation (20). which gives
h(t) =
√
9
20
GIΩ˙(t)
D2Ω(t)
(44)
This expression gives the strain in terms of the present
frequency and the spindown rate. Assuming that r-
modes dominate the spindown, this expression yields for
sources with known timing data the standard spindown
limit. This limit, which is analogously obtained e.g. for
gravitational waves due to an ellipticity of the source, is
very useful since it gives the maximum signal that can
be expected for a given known source. There is only a
chance to detect gravitational waves - or alternatively
learn something about the source from a non-detection
- if the detector sensitivity is lower than the spindown
limit.
However, according to the discussion in section V the
observed pulsars do not emit gravitational waves due to
r-modes any more, and timing data is not available for
other promising young sources, like compact objects in
supernova remnants or pulsar spin nebulae. Only the age
is usually roughly known. A prediction for the gravita-
tional strain requires therefore an actual solution of the
evolution. Previously a standard spindown equation with
a general breaking index [6] has been used to derive the
strain as a function of the age of the source [53]. This ex-
pression also applies to the emission due to ellipticity and
at late times it proved to be independent of the satura-
tion amplitude. In the case of r-modes the strong heating
generally requires a solution of the coupled set of evolu-
tion equations (20) and (21), though. As discussed in
section IV the spindown evolution decouples only in the
special case of a constant saturation amplitude. However,
due to the r-mode heating the evolution predicted by this
toy model can be quite different from that obtained from
the coupled system for realistic saturation mechanisms,
where the saturation amplitude is generally a function
of temperature and frequency. Our analysis leading to
the effective spindown evolution eq. (34) confirms that
the study performed in [53] does indeed apply to r-mode
gravitational wave emission. The effective braking index
eq. (35) gives the explicit connection for a realistic r-mode
saturation mechanism. Inserting the frequency evolution
(eq. (36)) and the general form for the saturation ampli-
tude (eq. (22)), there are significant cancellations and in
the late time limit, where the frequency is far below the
initial frequency, the strain becomes
h(t) −−−−→
ΩΩi
√
3
40
CGI
D2t
. (45)
with the same constant C describing the saturation mech-
anism (eq. (39)) that appeared before in the spindown
time. This expression agrees with the result in given in
[47] using the effective braking index eq. (35). A striking
property of eq. (45) is that it is indeed independent of the
unknown saturation amplitude and even of the complete
microphysics, including the cooling mechanism. There-
fore, the strain of a given source is, up to moderate un-
certainties in the moment of inertia (eq. (15)) and the
constant factor C involving β and γ, completely deter-
mined by its distance and its age. We recall that the con-
stant C is 1 for a constant saturation model (β=γ= 0),
where the expression directly reduces to the result given
in [47, 53], and somewhat larger for general saturation
models. Because of the square root, the dependence on
the saturation model is even weaker and the result does
not change by more than some tens of per cent for real-
istic values |β| , |γ| < 2 predicted by different saturation
mechanisms12 [4, 23–25]. Therefore, the simple expres-
sion eq. (45) confirms and generalizes the result of [47, 53]
to the more complicated case of r-mode emission with re-
alistic saturation mechanisms, where the thermal heating
significantly affects the spindown.
The analytic expression for the cutoff frequency
eq. (27) also allows us to determine the final gravita-
tional wave strain emitted in the last stage of the evo-
lution hf ≡ h(Ωf ) in terms of the final frequency Ωf
eq. (27). For a neutron star the final gravitational strain
is
h
(NS)
f ≈ 7.23 · 10−27α
77
92
sat
(
Mpc
D
)
. (46)
The emitted gravitational wave strain during the evolu-
tion is shown in fig. 6 for different values of the saturation
amplitude. The numerical curves are compared to the an-
alytic results for the minimum gravitational strain, which
is emitted at the end of the evolution eq. (46) and denoted
by the points. As can be seen, small amplitude r-modes
have a lower maximum amplitude but emit low amplitude
gravitational waves over longer times. The plot shows
that given the relevant age range of young pulsars, for
saturation amplitudes αsat & 10−4 the late time approx-
imation eq. (45) should be justified. For much smaller
amplitudes the star is hardly spun down by r-modes, but
in this case other spindown mechanisms, like magnetic
dipole radiation, will dominate and determine the spin-
down Ω(t). This scenario, which is unlikely according to
our results in section V, is discussed for completeness in
appendix A.
12 Although this is not the case for the saturation mechanisms cited,
a general saturation mechanism, e.g. non-linear hydrodynam-
ics effects [26, 27], could impose a more complicated function
αsat(Ω, T ). As argued before such a function is nevertheless ap-
proximated locally in different regions by the simple power law
form eq. (22). The prefactor in eq. (45) would then be locally
different, but because of the small size of the variation it would
not change the conclusion.
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Figure 6: The time evolution of the gravitational wave strain
of a 1.4M APR neutron star, spinning initially with its Ke-
pler frequency and located at a distance of 1 Mpc. We show
the numerical curves for two different r-mode saturation am-
plitudes αsat = 1 (top) and αsat = 10−4 (bottom). The dot-
ted line denotes the asymptotic late time expression eq. (45).
The dots denote the analytic result for the minimum strain
amplitude of the gravitational radiation emitted at the end of
the r-mode evolution and the endpoints for other amplitudes
lie on the dotted line.
B. Signal detectability
The comparison of signals to the detector sensitivity
is generally done in terms of the intrinsic strain ampli-
tude13 h0 which is in case of r-modes given by [47]
h0 =
√
8pi
5
J˜GMR3 (2piν)
3
αsat
D
=
√
25
3
h . (47)
Using the general constraints on the moment of inertia
eq. (13) and (15) and the range of different saturation
models [4, 10, 23–25] yields for a constant saturation am-
plitude the remarkably definite result
h0 ≈ 2.3+3.5−0.8 × 10−27
√
1000 y
t
1 Mpc
D
, (48)
where the uncertainty limits are conservative and should,
as discussed before, likely exceed the realistic range.
13 This is the amplitude measured by a detector at one of the earths
poles of a source directly over it whose rotation axis is parallel
to that of the earth.
For an actual detection of gravitational waves a sys-
tematic search strategy is required which takes into ac-
count the periodicity of the signal. In particular, this
requires a detailed model of the expected signal and its
change over the observation interval in order to search
for it in the data via a given statistical method, like e.g.
matched filtering. Only for known isolated pulsars with
precise timing data, like frequency and spindown rate,
is such detailed knowledge of the phase-coherent signal
available. Otherwise a huge parameter space for whole
classes of models with different frequencies, spindown
rates, ... has to be searched which greatly complicates
the analysis14. Reducing the computational cost in such
searches is crucial since a coherent search over time scales
of order years for such an unconstrained system is still not
manageable. Therefore, one important aim of our work is
to narrow down the parameter space and to identify the
most promising parameter regions for different sources.
Naturally, the likelihood of detecting a continuous sig-
nal in gravitational wave searches increases with the ob-
servation time. This is usually taken into account by giv-
ing the equivalent intrinsic strain amplitude that would
be observed within a given search at 95% confidence level.
For a coherent search the intrinsic strain amplitude is
given by [54]
h95%0 = Θ
√
Sh(f)
∆t
. (49)
It is a property of the particular search analysis and de-
pends both on the power spectral density15 Sh of the
detector noise and the observation time ∆t. The equiva-
lent intrinsic strain amplitude eq. (49) relies on matched
filtering and requires knowledge of the detailed form and
time evolution of the coherent signal. Since this might
not always be available, the sensitivity obtained using
this method is an optimistic estimate for other methods,
where e.g. signals are combined incoherently. For ob-
served isolated pulsars with known timing behavior the
prefactor is Θ ≈ 11.4 and for known isolated sources
without timing data, like Cas A or hypothetical local-
ized compact sources within known supernova remnants,
it is about 35 [53]. In the following we will discuss the
detectability of gravitational waves in terms of the intrin-
sic strain amplitude, but other sensitivity measures have
been use in the literature [10] and we will discuss some
of them and their reliability in appendix B.
In fig. 7 our results for h0 from gravitational wave
emission by r-modes for different neutron star models are
14 This holds even more for sources in binaries, which we will not
discuss here since the fraction of young pulsars in such systems
is small.
15 The “power spectral density” is just the square of the amplitude
spectral density of the noise expressed in equivalent gravitational
wave strain, as given e.g. by the LIGO collaboration [55].
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Figure 7: The frequency dependence of the intrinsic strain amplitude for different sources compared to the signal detectability of
different detectors and for different observation periods. Left : Source within the galaxy (10 kpc), right : source within the local
group (1 Mpc). The steeply decreasing solid lines show the minimum strain at the end of the r-mode evolution as a function of
the gravitational wave frequency. These are shown for the three different APR stars given in tab. II. The dots show the strain
for a few fixed values of the saturation amplitude of different orders of magnitude αsat = 1 (top) to αsat = 10−4 (bottom), and
the dotted curves ending at these points show for the 1.4M star the evolution at earlier times. These curves are given for the
constant r-mode saturation model which is a lower bound for the strain amplitude within other saturation mechanisms (see
eq. (45)). The theoretical results are compared to the sensitivity of LIGO (solid) and the anticipated sensitivity of advanced
LIGO [11] in the standard mode (dashed) and the neutron star optimized configuration (dot dashed). These are given both for
a known pulsar search with one year of data (thick) and a search for potential sources without timing information using one
month of data (thin). The right labels denote the age of the source assuming a constant saturation amplitude.
compared to the sensitivity curves16 for the LIGO detec-
tor (S6 run) and the projected advanced LIGO sensitivity
[11], in both the standard (“ZERO_DET_high_P”) and
the neutron star optimized mode (“NSNS_Opt”). For
each detector, we show the two exemplary cases of a co-
herent search for known pulsars (where Θ = 11.4) using
one year of data (thick) and a search for sources with-
out timing data, i.e. neutron stars or unseen compact
remnants (using Θ = 35) with an analysis of a month
of coherent data (thin). The left panel assumes a typi-
cal source within the galaxy (D = 10 kpc) and the right
panel a source in the local group of galaxies (D = 1 Mpc).
The label on the right axis also shows the age of the ob-
ject according to the direct relation for constant satura-
tion amplitude eqs. (45) and (47). Let us first discuss
this general relation. As can be seen LIGO could have
detected r-mode emission from known galactic pulsars
up to an age of about ten thousand years. According
to our analysis in the preceding section, this should have
been sufficient to see gravitational wave emission from all
16 The sensitivity curves have been released by the
LIGO scientific collaboration and were obtained from
http://www.ligo.org/science/data-releases.php and as tech-
nical document T0900288 at http://dcc.ligo.org.
such sources that can be seen, but unfortunately there are
likely no known young pulsars that are currently in the
r-mode phase. For known pulsars the sensitivity enhance-
ment of advanced LIGO might therefore not help. But in
case we detect in the future an even faster pulsar that is
less than a hundred years old, then its r-mode emission
could be detected with advanced LIGO even if it is extra-
galactic. There are a few such candidates including most
notably SN 1987A in the Large Magellanic Cloud. For
sources without timing data LIGO would have only seen
galactic sources that are at most a few dozens of years old
and only within a narrow frequency range. There has not
been a galactic supernova for a long time and therefore
it is not surprising that LIGO did not make a detection.
In contrast advanced LIGO could, thanks to its flat noise
spectrum, detect a galactic source over the entire relevant
frequency range and up to an age of more than a thou-
sand years. As discussed before, this is exactly the age
range favored by the r-mode scenario for the spindown of
the observed pulsars and therefore advanced LIGO is a
very promising machine for the detection of gravitational
waves from r-mode oscillations of young neutron stars.
Moreover, for extragalactic supernovae the sensitivity of
advanced LIGO should be sufficient to see r-mode oscilla-
tions of a compact remnant in the immediate aftermath
up to about a year. For sources as far as the Virgo cluster
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of galaxies, as originally discussed in [10], even with ad-
vanced LIGO a detection should only be possible under
extremely lucky circumstances and third-generation de-
tectors like the Einstein telescope [56] will be necessary
to take advantage of the much larger number of more
distant sources.
Next consider our theoretical results in fig. 7, which
are given for the different neutron stars listed in table II.
Namely the 1.4M and 2M APR stars for which only
modified Urca reactions are possible and the 2.2M star
where direct Urca reactions are present within its core.
The steeply descending solid lines show the minimal sig-
nal emitted at the end of the r-mode spindown evolution
(where the star spends most of its time) as a function
of the frequency, which in turn is a function of the un-
known saturation amplitude. The dots show the result
for fixed saturation amplitudes of different orders of mag-
nitude ranging from αsat = 1 (top) to αsat = 10−4 (bot-
tom). The dotted curves show the r-mode evolution for
the 1.4M model for these saturation amplitudes. As
expected the signal is larger and emitted at higher fre-
quencies if the star is younger but a star also spends far
less time in these earlier stages. Although a star of a
given age emits gravitational waves with a fixed strain
amplitude, depending on the unknown saturation ampli-
tude the frequency of these gravitational waves can be
very different. As suggested by the analytic results, the
strain depends little on the mass and the details of the
composition, and the size of (suppressed) error bands on
these curves would be given by the errors in prefactor
of eq. (48). This insensitivity holds even for the case of
the heavy star where direct Urca emission is possible. As
noted before, because of the much stronger cooling in this
case the star spins down at a lower temperature where the
boundary of the instability region is at a larger frequency,
so that the lower gravitational wave cutoff frequency is
considerably higher. Yet, up to this point the gravita-
tional wave signal is nearly identical to the standard case
with modified Urca cooling. This is an important obser-
vation since the data on Cas A [57], which is the only
young star for which the cooling has been explicitly ob-
served, clearly points to an enhanced neutrino emission
mechanism. The standard explanation [58, 59] is emis-
sion due to pair breaking of superfluid neutrons which is
in between the cases of modified and direct Urca emission
discussed here.
C. Searches for promising sources
The fact that nearly all known pulsars spin too slowly
to emit gravitational waves due to r-modes at the mo-
ment requires us to consider other potential sources. Here
we give the expected signal for a few examples of known
possible sources that could be young enough to emit grav-
itational waves due to r-modes. These consist of, in addi-
tion to the fastest pulsar J0537-6910 discussed above, the
young neutron star Cassiopeia A from which no pulsation
SN 1987A
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Figure 8: The frequency dependence of the intrinsic strain
amplitude for potential realistic sources. The actual age of
these sources as well as their distance have been used and
the expected frequency range determined from these known
parameters is shown. The frequency range corresponds to
a range of saturation amplitudes and the dots denote the
corresponding values for different orders of magnitude from
αsat = 0.1 to 10−3. We also included the fastest young pul-
sar J0537-6910 for which the observed frequency is used and
where the dot represents the result if r-mode spindown domi-
nates and lower values are possible if other spindown sources
are important. The detector curves are the same as in fig. 7
with the addition of the uppermost curve which shows the
sensitivity of a previous Cas A search [62]. The two thin ver-
tical lines show for comparison the corresponding frequency
of the fastest observed (old) pulsar and that corresponding to
the maximum Kepler frequency of the star.
has been observed [60] and several supernova remnants
where no compact object has been detected so far. How-
ever, it has recently been suggested that the hard X-ray
emission from SN 1957D results from a pulsar wind neb-
ula and the compact remnant which produced it would
then be the youngest indirectly observed pulsar [61]. We
take into account both the age and the available distance
estimate for these sources shown in tab. IV. As noted be-
fore, the strain amplitude is fixed by these parameters,
but the frequency can vary depending on the unknown
r-mode saturation amplitude.
Because of the significant computational cost of a grav-
itational search it is essential to know the spindown
model and the expected timing parameter range for a
given source [53, 55]. In gravitational wave searches the
expected signal is usually modeled by a generic spindown
model [6]
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f˙ ∼ −fn ⇒ f¨ = nf˙2/f (50)
with a fixed braking index n. Since the spindown evo-
lution is coupled to the thermal evolution in the case of
r-mode emission, up to now it might have seemed ques-
tionable whether the simple model eq. (50) is appropri-
ate. However, our general analysis in section IV showed
that the thermal evolution is always faster than the spin-
down (eq. (24)) and can be solved in a first step. There-
fore the effective spindown equation (34) takes indeed
the standard form eq. (50), yet with an effective r-mode
braking index nrm given in eq. (35). As discussed, the
saturation model can change the braking index from the
canonical value 7 to significantly smaller values. E.g. for
mode coupling with damping due to shear viscosity [25]
the braking index is considerably reduced to n(mc)rm = 4.
This is important both for the search for gravitational
waves, as well as for the interpretation of the results in
case a detection is made. Generally, a hierarchy of brak-
ing indices was expected, namely 3 for electromagnetic
dipole emission, 5 for gravitational waves from an ellip-
ticity of the star (or electromagnetic quadrupole emis-
sion) and 7 for r-mode emission17. Our results show
that analogous to electromagnetic emission, where the
observed braking indices are below 3, the possible braking
indices due to r-modes are likewise systematically lower
and the uncertainty in the unknown saturation mecha-
nism is even larger - to the point where even a discrim-
ination between electromagnetic and gravitational wave
spindown becomes questionable. Therefore it should be
hard to determine the spindown mechanism from cur-
rent electromagnetic pulsar timing data. However, fu-
ture gravitational wave observations could changes this.
Comprehensive information on the source, the gravita-
tional wave amplitude and the timing data, could due
to the distinct r-mode braking indices eq. (35) and the
quantitative prediction of the r-mode signal eq. (45) even-
tually even allow us to determine the r-mode saturation
mechanism observationally.
As discussed before, the lower boundary of the fre-
quency range of the expected gravitational wave signal is
rather insensitive to the details of the source and set by
where the r-mode evolution exits the instability region,
see fig. 2. The corresponding αsat can be obtained by
equating eq. (38) to the known age of the source which
then determines the final frequency. In contrast, the
upper boundary is not restricted by gravitational wave
emission alone because the r-mode amplitude could in
principle be arbitrary small. Yet, in this case other spin-
down mechanisms will dominate and set a limit on the
frequency to which a potential pulsar would have been
spun down at the age of a considered source. To estimate
17 If several mechanisms are relevant intermediate values are possi-
ble [6].
this effect, we assume again the spindown model eq. (50)
with a fixed braking index n. The proportionality con-
stant is related to the characteristic age tc ≡ −
(
f/f˙
)
0
of a given pulsar and the evolution is then given by
f (t) ≈
(
1
fn−1i
+
(n− 1) t
tcf
n−1
0
)− 1n−1
. (51)
For a conservative estimate of the upper limit we assume
a braking index of n = 2.5 and choose the initial fre-
quency fi as the Kepler frequency of our 1.4M model.
Fiducially choosing the population of young stars as those
in the ATNF database with spindown rate f˙ > 10−11s−2,
the largest value for tcfn−10 is, as could have been ex-
pected, obtained for J0537-6910. Let us assume that the
observed population of pulsars is characteristic for the
spindown behavior of so far unobserved sources. This
then allows us to estimate an upper limit for the fre-
quency to which other spindown mechanisms would have
spun down a (potentially unobserved) compact star in
a considered source even when gravitational wave emis-
sion would be negligible for the spindown. Finally, con-
sider pulsars with known timing solution, where both the
frequency and the spindown rate are known. If r-mode
emission dominates the current spindown, eq. (20) de-
termines the saturation amplitude (see fig. 5) and in the
case of J0537-6910 we find αsat ≈ 0.084. If other spin-
down mechanisms are important as well, αsat and the
resulting gravitational strain would be lower.
Our results are shown in fig. 8. Again the sources with-
out known timing data should be compared to the thin
curves, whereas the expected strain for the pulsar J0537-
6910 should be compared to the thick curves. As can
be seen there should be a realistic chance to see Cas-
siopeia A, and potentially a compact remnant in the
youngest known galactic supernova G1.9+0.3, from a
coherent analysis of a month of LIGO S6 data. Even
more strikingly the frequency range where Cas A is above
the detector sensitivity coincides with the expected fre-
quency range for this source. For Cas A a detailed pre-
vious LIGO analysis failed to detect a signal, but im-
posed strict bounds on a potential r-mode amplitude of
this source [62]. Yet, this was done with only 12 days
of S5 data. As can be seen by the uppermost thin de-
tector curve in fig. 8, which shows the S5 sensitivity for
this shorter observation interval, we find that the signal
is just at the detection limit and even this only over a
narrow frequency range, so that it is not too surprising
that no detection was made. Cas A should therefore be
a prime target for advanced LIGO and according to our
results it should even be promising to perform another
search of the S6 data if a coherent analysis of a whole
month of data is computationally feasible. The signal
of 1987A is about an order of magnitude smaller, but it
would be in the reach of advanced LIGO which could de-
tect it over the entire expected frequency range (which
is larger due to its young age). The youngest candidate
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pulsar, produced by SN 1957D, would be an ideal target,
but it is unfortunately too distant to detect gravitational
waves due to r-mode emission with advanced LIGO and
more sensitive future detectors will be required. Our re-
sults show that as soon as the pulsar is directly detected
and timing data becomes available this source should be
in the range of the forthcoming Einstein telescope [56],
which has an order of magnitude higher sensitivity com-
pared to advanced LIGO. If against all odds the fastest
directly observed young pulsar J0537-6910 is still in the
final stage of its r-mode evolution there is a good chance
that its signal, which was below the threshold of the orig-
inal LIGO detector, will be detected by advanced LIGO.
The relevant ranges for the timing parameters, given
in table IV, should help to perform future searches. If
r-mode emission dominates the spindown, the frequency
and spindown rate are related by eq. (20) and the time
variation over the observation interval is given by the
semi-analytic solution eq. (36). In reality where other
spindown mechanisms are present as well there should
nevertheless be a strong correlation between frequency
and spindown rate so that it is not necessary to search
the complete range in frequency and spindown rate but a
(narrow) parameter region around the ideal r-mode spin-
down behavior should be sufficient. This could strongly
reduce the required parameter range in dedicated r-mode
search. In case of Cas A the frequency range obtained
here by our dynamical analysis roughly agrees with the
previously used fiducial range 100 Hz ≤ ν ≤ 300 Hz cho-
sen by sensitivity arguments [62]. Finally it is important
to note that the saturation amplitudes corresponding to
the above relevant gravitational frequency ranges, as de-
noted by the dots in fig. 8, are precisely in the range
10−2 . αsat . 10−1 which is required for an explana-
tion of the low frequencies of observed young pulsars
within the r-mode scenario discussed in section V. This
should provide an incentive to search for gravitational
wave emission from r-modes of sufficiently young com-
pact sources.
VII. CONCLUSIONS
We have derived general semi-analytic results for the
r-mode spindown evolution eqs. (36) and (37) of young
pulsars that completely reveal the dependence on the rel-
evant physical ingredients. We find that the key quanti-
ties like the final spin frequency eq. (27) are remarkably
insensitive to the microphysical material properties. For
macroscopic input quantities like the moment of inertia
of the star or the angular momentum of the mode we
gave rigorous bounds that allow us to estimate the un-
certainty in these parameters. We show that the thermal
evolution is always faster than the spindown evolution.
Therefore, if the form of the instability region is convex,
a steady state is reached where viscous heating equals
cooling due to neutrino emission. Non-convexity of the
instability region due to stability windows arising from
enhanced dissipation due to exotic phases of matter can
prevent the star from reaching the thermal steady state
and thereby drastically change the evolution which could
lead to clear astrophysical signatures [36].
The semi-analytic results for the final frequency of the
evolution enabled a quantitative comparison to pulsar
timing data and we find that all stars except one lie
clearly below the frequency to which r-modes can spin
down a young pulsar. Only the fastest spinning young
star PSR J0537-6910 is fast enough that it could lie
within the instability region. Using additional obser-
vations of spindown rates we find that this is unlikely
since it lies just at the lower border of the uncertainty
range. The spindown time in contrast depends strongly
on the saturation amplitude and increases quickly from
time scales of order years at αsat ≈ 1 to more than a
million years below αsat < 10−3.
The r-mode scenario can therefore provide a quantita-
tive explanation of the low spin frequencies of young pul-
sars if the saturation amplitude is within certain limits.
On the one hand it has to be sufficiently large αsat & 0.01
for the spindown to be fast enough to dominate other pos-
sible spindown mechanisms and result in spindown times
less than a few hundred years, which is shorter than the
age of observed pulsars. On the other hand, even taking
into account the significant uncertainties, a very large
saturation amplitude αsat ≈ 1 would have spun PSR
J0537-6910 down to its current frequency in less than
a hundred years. This would be in clear conflict with
the much larger age estimate of its remnant of roughly
5000 years [48] and the significant present spindown rate
of the pulsar, which is most likely due to electromag-
netic radiation and should have further sped up the spin-
down. Different saturation scenarios - which are here
studied in a generic way via a function αsat(Ω, T ) - do
not significantly change the spindown time and therefore
should not qualitatively affect our bounds on the satura-
tion amplitude. In case r-modes reach sizable amplitudes
0.01 . αsat . 0.1, PSR J0537-6910 could be younger
than its characteristic age - obtained within a pure mag-
netic dipole model - suggests. If in contrast r-modes sat-
urate already at amplitudes αsat  0.01 they would be
subleading compared to the other spindown mechanisms,
which must be sizable according to the significant spin-
down rates of observed young pulsars.
Since we find that probably no observed pulsar is at
present spinning down due to r-modes, one has to be
careful when interpreting spindown limits on r-mode am-
plitudes from young stars [47]. Although these limits
give important information on these stars, they are triv-
ially fulfilled if the r-mode has already decayed. In this
case the current rate involves only information on other
spindown mechanisms, like magnetic dipole emission, and
cannot give a bound on the r-mode saturation amplitude
during the era when r-modes were actually present. The
spindown limit [47] simply extrapolates the solid lines in
fig. 5 outside the instability region. In reality for a large
saturation amplitude the star would actually spin down
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source age [y] D [kpc] ν [Hz] ν˙
[
10−9 s−2
]
h0 hc
S
N
∣∣(obs)
LIGO
S
N
∣∣(obs)
aLIGO
S
N
∣∣(tot)
aLIGO
J0537-6910 ? 52 83 −0.27 3.6× 10−26 6.5 (6.8)× 10−20 2.1 (0.2) 28 (2.8) −
SN 1987A 25 51.5 [84, 992] [−18,−265] 2.8× 10−25 0.8 (1.2)× 10−19 23 (18) 221 (236) 2.0 (3.2)× 103
SN 1957D 55 4610 [86, 801] [−8.3,−155] 2.1× 10−27 0.9 (1.3)× 10−21 0.2 (0.1) 1.6 (1.8) 19 (33)
G1.9+0.3 ≈ 140 7.7 [89, 545] [−3.3,−59] 8.0× 10−25 4.9 (7.2)× 10−19 57 (62) 598 (662) 0.9 (1.8)× 104
Cassiopeia A ≈ 300 3.4 [91, 346] [−1.5,−19] 1.2× 10−24 1.0 (1.5)× 10−18 83 (106) 906 (1015) 1.3 (3.7)× 104
Table IV: Expected gravitational wave signal and expected range of the timing parameters for different young sources in case
there is an associated fast rotating compact object that spins down via the r-mode mechanism. The alternative sensitivity
measures in the right part of the table are discussed in detail in appendix B and they generally strongly overestimate the
detectability since they do not take into account our limited knowledge of the source or not even the limited observation time.
All values are given for a 1.4M APR star with αsat = 0.1 (0.01); for αsat = 1 r-modes would have had already decayed at
the current age of these systems. The observable signal-to-noise ratios are computed assuming an observation time ∆t = 1 y.
The theoretical total signal-to-noise ratios are here obtained by taking into account the total frequency interval [νf , ν¯] that is
observable from the stars current age to the end of the r-mode spindown.
quickly inside but then the spindown rate would drop to a
lower value determined by the other mechanisms once the
star leaves the instability region. The slope of the curves
for other spindown mechanisms are generally smaller, as
illustrated in fig. 5 for the Crab and the Vela pulsar where
a reliable braking index is available. An initial r-mode
spindown can therefore be perfectly consistent with ob-
servations even for a large saturation amplitude as long as
the star is currently already sufficiently far away from the
instability boundary. Yet, in case of J0537-6910 which is
still close to the instability boundary, the spindown limit
is more restrictive and coincides with the limits given in
the previous paragraph [47].
We considered in this work only the dominantm = 2 r-
mode. The inclusion of higher multipoles might slightly
affect the spindown time by a factor . 1 but will not
change the final frequency since the corresponding insta-
bility regions of these modes are smaller [3] and there-
fore the final segment of the steady-state curve, where
the evolution spends by far the longest time, is identical.
Furthermore, we have here mainly studied the simplest
case of a neutron star with damping due to leptonic in-
teractions and modified Urca processes in the core. The
main reason for this is that it is the case of minimal
damping whereas other phases of matter or structural
inhomogeneities will increase the damping [3, 30, 31, 34].
Therefore, the final spindown frequencies we find are the
lower limit to which general compact stars can be spun
down by r-modes. In reality several aspects like pair-
ing, mutual friction, the crust and other spindown mech-
anisms complicate the analysis. Although we did not
study these in detail here, our general semi-analytic ex-
pressions allow us to study any single source of damping,
such as the effect of an Ekman layer.
Nuclear pairing could strongly change the temperature
dependence of material properties over the considered
temperature regime so that it would not have a simple
power law form. Therefore it should alter thermal evolu-
tion, but since at saturation the thermal evolution does
hardly affect the spindown (aside from the fact that its fi-
nal frequency at the boundary of the instability region de-
pends on temperature) the results presented here should
not be strongly affected by pairing. The relevant part of
the boundary is determined by shear viscosity which is
dominated by electromagnetic leptonic processes which
are only indirectly affected by the presence of hadronic
matter. As found in [32] this is a moderate effect and
taking into account the insensitivity of our results to the
shear viscosity this should only slightly increase the con-
sidered error range.
As discussed before mutual friction in superfluid sys-
tems is an additional source of damping that could con-
siderably shrink the instability region. If this effect is
very strong it could significantly raise the frequency to
which r-modes can spin down a star. As can be seen
from fig. 2 if the enhanced damping is only present at
low temperatures, e.g. T < 109 K as assumed in [10],
this would affect the evolution strongly at low satura-
tion amplitudes but only moderately at sufficiently large
amplitudes favored above.
Furthermore, it has been argued that the boundary
layer at the interface between the core and the crust
strongly enhances the viscous damping which would re-
duce the r-mode instability region [63]. This mechanism
is based on the picture that there is a sharp boundary
and the fluid velocity drops to zero over a distance of a
few centimeters. However, in reality the crust is a com-
plicated structure with possible geometrically structured
pasta phases and an inner crust where the concentration
of the neutron fluid decreases continuously. The tran-
sition from a pure fluid to a rigid lattice then happens
gradually over a large distance and it is questionable why
the above picture should apply here. Phenomenologically
these effects have partly been modeled via a slippage pa-
rameter and the impact becomes rather small for likely
parameter values [31]. We note, however, that our gen-
eral analytic expressions should also apply when the crust
provides the dominant source of dissipation, as encoded
in the values of the general parameters in table I. In this
case further complications like the breaking or melting of
the crust could be relevant which in turn should reduce
the effect of viscous boundary layer damping.
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Finally, we computed the gravitational wave emission
due to the r-mode spindown of young stars. We compare
our results in terms of the intrinsic strain amplitude to
the sensitivity of the LIGO and advanced LIGO detector
for realistic searches for sources with and without tim-
ing solution. This properly takes into account the finite
observation interval of such searches which had been ne-
glected in initial r-mode analyses [10]. We point out the
remarkable property that the intrinsic strain amplitude is
independent of the saturation amplitude and almost inde-
pendent of the saturation model which only enters via a
constant factor close to one. Therefore, the gravitational
wave signal depends effectively only on the age of the
source and its distance. The reason for this independence
is that the emitted gravitational wave signal increases
both with the r-mode amplitude and the frequency. A
star of a given age will still be spinning quickly if the
saturation amplitude is low, but will have spun down
to a low frequency if the saturation amplitude is high.
These competing effects cancel each other. For realis-
tic observation intervals, we find that LIGO could have
seen young sources in the galaxy (distance 10 kpc) with
known timing solution up to an age of about 104 years,
whereas sources without timing solution that are older
than a few tens of years would have been undetectable.
Advanced LIGO in contrast should increase both of these
age ranges by about a factor of a hundred. Since accord-
ing to our analysis none of the observed pulsars is likely
to be in the r-mode phase, very young sources without a
timing solution should be promising targets for gravita-
tional wave searches, and advanced LIGO should be able
to detect them over the entire relevant age range of up to
thousands of years. For more distant sources in the local
group of galaxies (distance 1 Mpc) these ages are reduced
by a factor of ten thousand so that in this case probably
only sources with a known timing solution are detectable.
We also considered a few explicit examples and find that
Cas A, J0537-6910, and potential compact remnants in
SN1987A and G1.9+0.3 are very promising targets that
are within the sensitivity range of advanced LIGO. To
restrict the computational cost of future searches we also
provided estimates for the relevant search ranges of the
unknown timing parameters of these sources.
The quantitative r-mode spindown scenario discussed
here provides strong evidence that young pulsars could
indeed emit observable gravitational wave signals. Both
the steadily growing list of known young pulsars and the
strongly increased sensitivity of second generation grav-
itational wave detectors make it a realistic possibility to
detect gravitational radiation from r-mode oscillations in
the near future. Future third generation gravitational
wave detectors like the currently planned Einstein tele-
scope [56] should then allow us to see many more po-
tential sources at larger distances. This would mark the
advent of gravitational wave astronomy as a way to learn
about the internal composition of compact stars.
Appendix A: Very low saturation amplitude scenario
The quantitative explanation of the low spin frequen-
cies of observed young pulsars discussed in section V
points to a large saturation amplitude αsat>10−4. In this
case the expected gravitational signal is large, indepen-
dent of the saturation amplitude and even mostly of the
saturation mechanism. However, one cannot completely
exclude that the striking explanation of the pulsar spin
data is a mere coincidence and the saturation amplitude
is much smaller. For completeness we therefore discuss
here this (unlikely) alternative scenario. Rather small
saturation amplitudes are predicted by mode coupling
models [23–25], whereas other mechanisms like non-linear
hydrodynamic effects or suprathermal viscosity lead to
large saturation amplitudes. In case the amplitude is
very small r-modes are irrelevant for the spindown since
other spindown mechanisms like magnetic dipole emis-
sion dominate. The spindown evolution is then inde-
pendent of the saturation amplitude. Using the generic
parametrization eq. (50) with a braking index n the spin-
down is given by eq. (51). Nevertheless these low ampli-
tude r-modes would emit gravitational waves. The grav-
itational wave strain is then given by eq. (43), where the
frequency evolution is determined by the the appropriate
alternative spindown mechanism. For a standard neu-
tron star spinning with frequency f we find in case of a
small saturation amplitude
h0 ≈ 9.0× 10−26αsat
(
f
100 Hz
)(
1 Mpc
D
)
In this case the strain is proportional to the saturation
amplitude since the spindown evolution is independent
of the r-mode emission and there is no cancellation anal-
ogous to eq. (45). Therefore the strain is, according to
our assumption that αsat is small, strongly suppressed.
We see that at an amplitude αsat≈10−4 there is only a
chance to detect the gravitational waves with advanced
LIGO if the source spins fast and is very close. At even
lower amplitudes αsat 10−4 a source would be unde-
tectable.
Appendix B: Alternative sensitivity measures
For the analysis of the gravitational wave emission due
to r-modes a variety of measures to compare to detector
sensitivities have been used. For comparison with other
work we discuss these in the following.
1. Power spectrum
An alternative way to discuss r-mode emission is via
the Fourier spectrum. In principle this is interesting for
periodic sources like neutron stars since the frequency
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hardly changes over the short observation interval. The
Fourier-transformed gravitational wave strain h˜ (ν) in the
frequency domain can be obtained in a stationary phase
approximation as
∣∣∣h˜(ν)∣∣∣2 = |h(t)|2 ∣∣∣∣ dtdν
∣∣∣∣ . (B1)
As seen from fig. 6, there are two qualitatively differ-
ent stages of the gravitational wave emission. The first
arises from the growth phase of the r-mode and results in
narrow spike in h˜(ν) at the stars initial frequency. This
phase lasts only for a short time of order minutes and
as shown in [10] there is not enough energy in this pulse
to be detectable. Therefore, we neglect this initial part
of the spectrum here. In the subsequent saturated phase
where the star spins down it emits gravitational waves
over a continuous frequency range with strain density
h˜(ν) =
√
9I˜GMR2
20D2ν
. (B2)
The quantity that is usually used for a comparison with
the detector sensitivity is the characteristic amplitude of
the signal defined by hc ≡ ν h˜. In particular the min-
imum characteristic amplitude hc,f ≡ hc(νf ) reached at
the lower frequency boundary of the evolution is interest-
ing. The square root in eq. (B2) makes the dependence
of hc,f on the microscopic parameters even weaker than
for the final frequency eq. (30). However, the expression
depends more strongly on macroscopic quantities like the
mass and the moment of inertia encoded in the parameter
I˜. The rigorous bounds eq. (13) show that this depen-
dence is also moderate since all these quantities vary only
within roughly a factor of two. For a standard neutron
star we find
h
(NS)
c,f ≈ 1.6 · 10−22
(
S˜
S˜fid
)3/46(
L˜
L˜fid
)5/368(
J˜
J˜fid
)−29/184
×
(
I˜
I˜fid
)1/2(
M
1.4M
)63/184(
R
11.5 km
)281/368(
Mpc
D
)
α
−5/184
sat .
(B3)
Note that this quantity is also nearly independent of the
saturation amplitude αsat (and even increases with de-
creasing amplitude). The same holds for the microscopic
parameters. For example the dependence on the neu-
trino emissivity involves the power 5/368 which provides
a striking example of how insensitive such macroscopic
observables can be to microscopically decisive yet in-
herently poorly known quantities, since even a drastic
change by three orders of magnitude would only have an
irrelevant effect of less than 10%.
The detector sensitivity is described by the rms strain
noise hrms≡
√
νSh(ν) in terms of the power spectral den-
sity Sh of the detector noise. In contrast to eq. (49) this
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Figure 9: The characteristic gravitational wave amplitude of
neutron stars, located somewhere in the Virgo cluster (dis-
tance 20 Mpc) and based on the different APR stars given
in tab. II, compared to the sensitivity of the LIGO (dotted)
and advanced LIGO (dashed) [11] detectors. The large dots
denote the analytic expressions for the lower frequency limit
for an amplitude αsat = 1 and the smaller ones for lower am-
plitudes down to αsat = 10−4.
quantity is only a measure of the general sensitivity of
the detector but not of a particular search and contains
neither information on the source nor on the observa-
tion interval. In order for the characteristic amplitude to
give a meaningful estimate the observation time should
be comparable to the time scale of the frequency change
of the signal (so that all strength of a given frequency
is actually detected). Clearly for small saturation ampli-
tudes where the spindown time increases drastically with
decreasing αsat, see eq. (40) and table III, this is not
guaranteed and therefore the fact that the characteristic
amplitude is above the background alone is not sufficient
for a detection.
The result for the characteristic amplitude in the satu-
rated regime is given for different stars in fig. 9. Whereas
the spectra of the two standard neutron stars with modi-
fied Urca reactions have nearly the same lower frequency
cutoff, the heavy star with direct Urca interactions in
the core has a higher cutoff > 100 Hz, but otherwise fea-
tures a characteristic amplitude of similar size, as could
have been expected from the insensitivity to the neutrino
emissivity in eq. (27).
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2. Theoretical signal detectability
In [10] the following expression for the signal to noise
ratio for matched filtering was given
(
S
N
)2∣∣∣∣∣
(tot.)
=2
∫ νmax
νmin
dν
ν
(
hc
hrms
)2
=
9I
10D2
∫ νmax
νmin
dν
ν Sh(ν)
(B4)
in terms of the power spectral density Sh of the noise
and ranging over a range from the final frequency of
the r-mode evolution νmin = νf to the initial frequency
νmax = νi at which the star is created. Here the label
(tot.) has been added to indicate that the total frequency
spectrum is included in this quantity. This point will be
discussed in more detail below. In eq. (B4) logarithmic
frequency intervals are weighted by 1/Sh, since at low
frequencies the frequency changes slowly which makes it
easier to detect the periodic signal. After a numerical
integration an approximate fit to the result over the rele-
vant parameter ranges for νmin and νmax is given for the
advanced LIGO detector by18
S
N
∣∣∣∣(tot.)
aLIGO
≈ 4.09 · 1023
√
Hz
√
GI
D
(B5)
×
√
1 + 0.40 log
( νmax
1000 Hz
)
+ 0.36
100 Hz− vmin
100 Hz
.
Compared to the result given in [47] for the antici-
pated second generation LIGO detector we find a much
weaker dependence on the minimum final frequency and
a stronger dependence on the unknown maximum initial
frequency. By inserting the result for the minimum fre-
quency eq. (30) we see that the uncertainty of this result
due to the microphysics is minor. The main uncertainty
arises from the moment of inertia which using the above
bounds has a maximum theoretical uncertainty given in
eq. (15).
The signal to noise ratios for different sources at dif-
ferent distances are shown in table V. Here we compare
the values for sources given by the different considered
stars listed in tab. II. These are assumed to be located
at different distances, namely in the Virgo Cluster (20
Mpc), the Local group of galaxies (1 Mpc) and within the
Milky way (30 kpc). Using the actual anticipated noise
background of the advanced LIGO detector and with-
out the assumption that the evolution stops at 109 K,
18 We fit the integrated form rather than the initial strain noise Sh,
since this provides a more precise result. Fitting the strain noise
with a double power law Sh (ν) ≈ aν−2 + bν2 + c, similar to
the ansatz used in [47] before their subsequent approximation,
we can perform the integration analytically, yielding the same
qualitative leading parameter dependence on νmin (power law)
and νmax (logarithmic) we use for the fit in eq. (B5).
our values are slightly larger than those obtained in [10].
Heavier stars tend to give larger values due to the larger
moment of inertia whereas direct Urca processes reduce
the signal to noise ratio since the thermal steady-state
curve is at lower temperatures and its intersection with
the boundary of the instability region is correspondingly
at a higher frequency that sets the lower gravitational
wave frequency cutoff in eq. (B5). Yet, overall these val-
ues are rather similar for the different considered stars.
These considerations suggest that theoretically a detec-
tion is possible for sources up to large distances in case
the gravitational wave signal could be detected over its
complete frequency range. However, this is inherently
impossible for a continuous r-mode signal.
3. Practical signal detectability
The above total signal to noise ratios do not reflect the
detectability of the signal of a given single source over
the actual observation period, as noted already in [10].
They would provide such an actual measure for the de-
tectability only for a short multi-wavelength signal that
is completely observed, for example a binary inspiral.
However, these ratios cannot give a reasonable measure
in the present case where the source is monochromatic
and changes slowly with time while it is only observed
for a short time interval, since the frequency ranges in
eq. (B4) that would only be detectable hundreds of years
before or after the present observation can hardly affect
the detectability within the limited observation interval.
Therefore a proper signal to noise ratio that measures the
detectability must take into account the finite duration of
the observation and only include the relevant frequencies
in eq. (B4).
To find a more realistic signal to noise ratio for the
detectability in gravitational wave detectors, assume that
the frequency of the source changes only slightly during
the short observation time interval ∆t over which it has
an average frequency ν¯. The change ∆ν  ν¯ during this
time interval can be obtained from eq. (20)
∆ν ≈ 2
3pi
dΩ
dt
∆t =
2ν¯Qα2sat
τG
(
Ω¯
) ∆t . (B6)
The current angular velocity Ω¯ can be obtained in terms
of the current age t of the star from the solution of the
spindown equation eq. (20) which yields in the limit Ωi 
Ω¯
∆ν ≈ − ν¯
6
∆t
t
. (B7)
For ∆ν  ν¯ the integral in eq. (B4) gives an estimate for
the actual observable signal to noise ratio
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neutron star Tf [K] ff [Hz] νf [Hz] tsd [y] hf @ 1 Mpc hc,f @ 1 Mpc SN
∣∣(tot)
Virgo
S
N
∣∣(tot)
L. g.
S
N
∣∣(tot)
M.w.
S
N
∣∣(obs)
Virgo
S
N
∣∣(obs)
L. g.
S
N
∣∣(obs)
M.w.
APR 1.4M 1.26 · 109 61.4 81.8 12.3 7.2 · 10−27 1.6 · 10−22 11.7 234 7794 0.084 1.7 56
APR 2.0M 1.39 · 109 60.3 80.4 4.9 9.7 · 10−27 1.8 · 10−22 14.0 281 9356 0.099 2.0 66
APR 2.21M 3.15 · 108 84.0 112 1.7 2.2 · 10−26 2.1 · 10−22 12.7 254 8460 0.094 1.9 62
Table V: Results for the spindown and gravitational wave observables for different neutron stars considered in this work
obtained from the semi-analytic expressions eqs. (28), (27), (38), (46), (B3) and (B4). In contrast to the lower mass stars, the
2.21M neutron star is dense enough to allow for direct Urca reactions. All values are given for a large saturation amplitude
αsat = 1. The signal to noise ratios are given for the advanced LIGO detector and are obtained with the gravitational wave
frequency corresponding to the Kepler frequency as an upper cutoff of the spectrum respectively a fiducial observation interval
∆t/t = 10−3. They are given for sources at three different distances ranging from the Virgo cluster (20 Mpc), and the local
group of galaxies (1 Mpc) to a source within the Milky Way (30 kpc).
S
N
∣∣∣∣(obs.) ≈
√
9I˜GMR2
10D2
∆ν
ν¯Sh(ν¯)
=
√
3GI
20Sh(ν¯)D2
∆t
t
(B8)
Analogous to the equivalent intrinsic strain eq. (49), this
quantity depends on the square of the observation time
interval ∆t (see also [64]) and depends on the internal
composition of the star only via the moment of inertia
with uncertainty range eq. (15). Moreover, it depends
only on the present (averaged) gravitational wave fre-
quency ν¯ and not the complete spectrum. It is again not
directly dependent on the saturation amplitude which
only enters indirectly via the dependence on the current
frequency via Sh(ν¯). Yet, we stress again that this ex-
pression is only valid during the later evolution where
the spindown becomes sufficiently slow so that ∆ν  ν¯.
The right part of table V shows the values for the ad-
vanced LIGO detector for the different stars and a ratio
∆t/t = 10−3 compared to the previous signal-to-noise es-
timates. As can be seen in this case the observable signal
to noise ratios are more than two orders of magnitude
smaller than the total expressions eq. (B5). Neverthe-
less eq. (B8) still greatly overestimates the detectability
since it does not take into account our limited informa-
tion about the source.
For the advanced LIGO detector the background is
nearly constant over the relevant range from 80 to 800
Hz with S1/2h ≈ 4 ·10−24 and thereby allows us to further
approximate to obtain the simple estimate
S
N
∣∣∣∣(obs.)
aLIGO
≈ 50
√
∆t
t
(
1 Mpc
D
)
. (B9)
Although this expression overestimates the detectability
under realistic conditions it might be useful for simple
estimates. E.g. for a one year observation period, com-
parable to past LIGO runs, a source in the Virgo cluster
(20 Mpc) would, in contrast to the early estimates in
[47], be impossible to detect unless it is extraordinarily
young. A source in our local group of galaxies (1 Mpc)
in contrast might be detectable if the results obtained
assuming matched filtering do not strongly overestimate
the detectability for more realistic search methods. A
source in the Milky Way (30 kpc) in contrast could be
detectable even if a more realistic search strategy has a
significantly lower signal to noise ratio. As discussed be-
fore, since the original LIGO detector had a more than
an order of magnitude larger background, in contrast to
previous estimates [10], it is not surprising that no signal
has been detected so far.
Finally let us estimate likely values for the above signal
to noise ratios for the examples of possible sources that
have been discussed in the main text. As can be seen in
table IV, despite the fact that the observable signal-to-
noise ratio eq. (B9) is reduced by more than an order of
magnitude compared to the total versions eq. (B5), the
values are still significantly larger than what one would
expect from the detailed analysis in terms of h0 in the
main text. Although the relative sizes for the individual
sources are similar, the sensitivity (eq. (49)) which prop-
erly takes into account our ignorance of the details of the
source leads to systematically lower sensitivities. Corre-
spondingly, one should generally be careful with conclu-
sions based on these alternative sensitivity estimates.
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